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Training a variational quantum circuit is stochastic optimization over an objective a quantum
device only ever samples, so the scarce resource is queries to that estimator and the effective lever
is a good statistical prior over where the optimum lies. We build such a prior as a kernel over
graphs: we introduce the spectral-truncation kernel (STK), a relabeling-invariant, positive-definite
graph kernel that transfers an optimized QAOA angle schedule from the most similar training graph,
and use it to overturn the prevailing depth-one verdict that learned warm starts only match physics-
based initializers. The cost of the quantum approximate optimization algorithm is dominated by the
circuit evaluations spent searching for good angles, and a topology-aware warm start removes that
search only if it beats a simple ramp; prior comparisons, formed at circuit depth one, find no such
margin. STK represents each graph by a finite low-frequency window of its normalized-Laplacian
spectrum, the modes that fix the schedule, and donates the kernel-nearest graph’s depth-p schedule.
On a query-counted MaxCut benchmark over 84 connected graphs from six families under family-
held-out splits, STK reproduces the depth-one parity (paired advantage +0.0000±0.0001) and then
beats the strongest adiabatic ramp by a margin that grows monotonically with depth, from +0.0103
at p=2 to +0.0262 at p=3, and by a wider one-shot margin still, +0.0416 at p=2 and +0.0454
at p=3, since the transferred schedule is near-optimal on the first query. The depth-one objective
is cross-verified by two independent evaluators, and an accompanying package regenerates every
reported number from fixed seeds.

I. INTRODUCTION

A quantum computer, approached from the keyboard,
is a stochastic device: the Born rule returns one bit-
string per run, so every quantity a variational algorithm
cares about is a statistical estimate rather than a value
read off directly. Training such an algorithm is thus
stochastic optimization over an objective one can only
estimate at nonzero variance and finite sample cost, and
in that regime the classical statistical machinery of surro-
gate modeling, priors, and query-efficient design is not an
add-on but the substance of the method. The expensive
object here is the quantum expectation itself; a cheap,
uncertainty-aware surrogate that predicts where its op-
timum sits, learned across related problem instances, is
exactly what turns a blind search into a warm start. This
work builds that surrogate as a kernel over graphs, inte-
grating the domain structure of spectral graph theory so
the learned prior is interpretable and provably invariant
rather than a black box.

The quantum approximate optimization algorithm
(QAOA) [1, 2] is a leading route to combinatorial op-
timization on near-term hardware, with a conjectured
sampling hardness that motivates it as a candidate
for early quantum advantage [40], and the workhorse
benchmark for variational quantum algorithms in the
noisy intermediate-scale quantum (NISQ) era [11, 12],
already executed on superconducting hardware at mod-
erate scale [46]. Its target problem, MaxCut, is NP-
hard [10] with a semidefinite-relaxation approximation as
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the classical bar [9], against which QAOA performance
has been characterized numerically and analytically as
a function of depth [41–43]. A depth-p QAOA circuit
alternates a cost-Hamiltonian phase with a transverse-
field mixer, itself a product-formula (Trotterized) circuit
whose gate count and approximation error follow the
operator-exponential structure analyzed for Hamiltonian
simulation [7, 8, 56], and is parameterized by 2p angles
(γ,β) that the algorithm tunes to maximize the expected
cut 〈C(γ,β)〉. The bottleneck is the search itself, and it is
statistical at root: each evaluation of 〈C〉 is an estimate
assembled from many circuit executions whose sample
complexity trades off against its variance, the classical
optimizer calls this noisy estimator repeatedly, and the
landscape is plagued by barren plateaus and cost concen-
tration [4, 13, 14]. The operationally relevant figure of
merit is therefore not the best achievable cut but the cut
a policy reaches within a fixed query budget [57].

A warm start, which supplies good initial angles so
the optimizer begins inside a high-quality basin, is the
natural lever, and the QAOA landscape makes it viable:
the objective concentrates across typical instances of a
given structure [14], and optimal parameters transfer
between random graphs and across problem sizes [15–
17], a transferability that has been linked to graph sim-
ilarity [47], to closed-form parameter-setting rules for
weighted problems [48], and to the depth-asymptotic con-
centration of QAOA angles on large-girth and mean-field
instances [44]. Dedicated schemes place the optimizer in
a good basin through continuation and annealing sched-
ules [19], the interpolation (interp) growth of good an-
gles with depth [4], classical-relaxation rounding [18], and
classical-surrogate or meta-learning [20–22]. These in-
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vite a learning question that is squarely one of statis-
tical surrogate modeling on structured objects: can a
similarity model over graphs, fit on the optimized sched-
ules of instances we have already solved, predict good
angles for a graph we have not, and do so from a rep-
resentation that respects the symmetries of the object?
Concretely, can a policy that conditions on graph topol-
ogy through a permutation-invariant representation, in
the spirit of graph kernels [51–54] and of graph neural
networks and Weisfeiler–Lehman kernels [24–29, 55] al-
ready productive for combinatorial optimization [30, 31],
propose warm-start angles that transfer to unseen graph
families and outperform simpler initializers? The propos-
als are many; controlled, leakage-aware, query-counted
comparisons against a strong yet simple baseline are few.
Where such controls have been applied, the depth-one
verdict is negative: a learned policy only matches a one-
line spectral or adiabatic rule, because at p=1 a single
scalar already fixes the only relevant angle scale.

That verdict is an artifact of depth one, which we show
by moving beyond it, where a warm start must specify an
entire 2p-angle schedule rather than a single scale. Three
observations organize the analysis. First, the depth-one
parity is real but misleading: under a matched query bud-
get every structure-aware policy ties an adiabatic ramp
at p=1, which we reproduce exactly. Second, topol-
ogy helps beyond depth one, because as p grows the
instance-optimal schedule becomes a higher-dimensional
object that a single physical scale can only crudely ap-
proximate, opening room for a fully topology-conditioned
policy. Third, transferring a single optimized schedule
is a more query-efficient form of that help than averag-
ing. The QAOA landscape is multimodal: the optimal
schedules of different graphs occupy distinct, symmetry-
related basins, equally good optima separated by inferior
regions. Copying one optimized schedule from a suffi-
ciently similar graph lands the optimizer inside a genuine
basin and is near-optimal on the first query, whereas re-
gressing several schedules toward their mean places the
seed between basins, a region the refiner must climb out
of before it can improve. What remains is to identify
which invariant notion of graph similarity governs sched-
ule transfer.

We answer it with the spectral-truncation kernel
(STK) (Fig. 1). Each graph is represented by a finite
low-frequency window of its normalized-Laplacian spec-
trum, a spectral truncation of the graph operator that
adapts the C∗-algebraic spectral-truncation kernels of
Hashimoto et al. [5] from operators to graphs, and the
kernel-nearest training graph donates its schedule. The
truncated spectrum is a relabeling invariant, so the kernel
is provably invariant and positive definite and the warm
start is a deterministic function of the isomorphism class.
This work makes three contributions. (i) We introduce
STK and prove its invariance and positive-definiteness,
yielding a transferable warm-start operator that is a de-
terministic class function of the graph. (ii) We show,
within a controlled and reproducible benchmark, that

the depth-one “learned warm starts only match” verdict
is an artifact of p=1: topology-conditioned warm starts
tie the ramp at p=1 and beat it for p ≥ 2 by a margin
that grows with depth, from +0.0103 at p=2 to +0.0262
at p=3, while STK transfer, near-optimal on the first
query, beats the ramp by even more on the one-shot ra-
tio than on the final ratio at every depth (+0.0416 versus
+0.0103 at p=2, +0.0454 versus +0.0262 at p=3) and at-
tains the best one-shot ratio of any policy through p=2.
(iii) We supply the benchmark itself as a reusable yard-
stick: a proven relabeling-invariant descriptor and kernel,
a depth-one objective cross-verified to 10−9 by two inde-
pendent evaluators, exact approximation ratios against
a brute-force MaxCut oracle, family-held-out transfer
with a programmatic leakage check, and a pip-installable
package that regenerates every figure, table, and number
from fixed seeds.

This work is the depth-scaling installment of a program
that treats spectral truncation of an operator as a unify-
ing primitive for query-efficient quantum optimization.
The program develops graph-conditioned trust regions
for query-efficient QAOA and their uncertainty calibra-
tion [57, 58], quantifies the measurement cost of warm-
started low-depth QAOA and the query budgets needed
to certify it [59, 60], and establishes topology-conditioned
parameter transfer for budgeted graph optimization [61].
The operator-spectral truncated priors of [62] supply the
descriptor most directly: the present spectral-truncation
kernel makes that truncation the index of a relabeling-
invariant similarity under which a single optimized sched-
ule is transferred, and shows that the resulting warm
start, null at p=1, separates from a single-scale ramp by
a margin that grows with depth.

II. THE BUDGETED WARM-START
BENCHMARK

A. QAOA objective and exact oracle

For MaxCut on G = (V,E) the cost operator C =∑
(u,v)∈E

1
2 (1 − ZuZv) counts the cut edges, rewarding

configurations that disagree across an edge, and depth-p
QAOA prepares a trial state by alternately phasing on
this cost and mixing toward it,

|γ,β〉 =
p∏

ℓ=1

e−iβℓB e−iγℓC |+〉⊗n
, (1)

starting from the uniform superposition |+〉⊗n and driv-
ing transitions with the transverse-field mixer B =∑

vXv, the standard choice for unconstrained MaxCut
among the broader family of QAOA mixers [45]; the algo-
rithm then maximizes 〈C(γ,β)〉 over the 2p-angle sched-
ule θ = (γ1, . . . , γp, β1, . . . , βp). We evaluate 〈C〉 with an
exact statevector simulator at cost O(p n 2n) (Sec. V). At
depth one we additionally compute the analytic per-edge
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FIG. 1. Spectral-truncation-kernel schedule transfer for QAOA warm starts. A connected graph from one of six families is
mapped to a relabeling-invariant representation: a truncated normalized-Laplacian spectrum σr(G), a finite low-frequency
window of the graph operator, together with an invariant topology descriptor ϕ(G). A positive-definite spectral-truncation
kernel k(G,G′) selects the single most similar training graph and copies its optimized depth-p angle schedule θ0, transferring
one real optimum rather than averaging several. The schedule seeds a refiner that counts every objective evaluation against a
fixed budget B; quality is the exact approximation ratio against a brute-force MaxCut oracle. Two guarantees underpin the
benchmark: the kernel is positive definite and invariant, k(πG, ·) = k(G, ·), and the depth-one objective is computed in two
independent ways, an analytic closed form and an exact statevector simulation, agreeing to 10−9. Policies are compared under
family-held-out splits with a programmatic leakage check.

closed form of Wang et al. [3] at cost O(|E|); the two eval-
uators agree to 10−9 on every family, so the depth-one
objective is analytically cross-verified and all reported ob-
jective values are exact. The quality of a cut is the ap-
proximation ratio 〈C〉 /C⋆ against the true MaxCut C⋆,
obtained by exact enumeration of the 2n−1 distinct bi-
partitions, which is tractable for n ≤ 16. All ratios are
ground truth rather than relaxation bounds.

B. Budgeted refiner and query-budget frontier

A warm-start policy maps a graph to an initial sched-
ule θ0 that seeds a coordinate-ascent refiner over all 2p
angles. The refiner counts every call to the objective
and stops when a per-graph budget of evaluations is ex-
hausted, so the running-best ratio as a function of the
number of evaluations, which we call the query-budget
frontier, is a faithful and hardware-relevant comparison.
Its first point, the one-shot ratio at q=1, measures pure
warm-start quality with zero optimization, the regime
that matters when each query is an expensive circuit ex-
ecution.

C. Warm-start policies

We compare five policies. Two are non-learned adia-
batic ramps [19] that can set only a single physical scale:
spectral anchors a discretized annealing schedule to the
Laplacian algebraic connectivity, and at p=1 reduces to
the one-line rule γ0 = π/[2(1 + λ2)], β0 = π/8; topol-
ogy anchors the same ramp to the mean degree. One

policy is random. The remaining two are learned and
predict the entire schedule from invariant topology: de-
scriptor mean, a k-nearest-neighbor regressor (k=3) that
averages the optimized schedules of the nearest training
graphs, and STK (this work), which transfers the opti-
mized schedule of the single training graph nearest un-
der the spectral-truncation kernel. The transfer targets
are near-optimal schedules from an interp-seeded opti-
mizer [4] (Appendix B); they label training graphs only,
and the learned policies must predict them on held-out
families from topology alone.

D. Families, splits, and metrics

The benchmark uses six structurally distinct fami-
lies, generated with NetworkX [36] and reduced to the
largest connected component: Erdős–Rényi with edge
probability 0.5 [32], random 3-regular, Barabási–Albert
(scale-free, m=2) [33], Watts–Strogatz (small-world,
k=4, rewiring probability 0.3) [34], two-dimensional
grid, and a two-block stochastic block model (pin=0.7,
pout=0.1) [35]. Transfer is evaluated by family-held-out
cross-validation: to evaluate a family, the learned policies
are fit only on the union of the other five. A fingerprint
built from family, n, |E|, and the hashed degree sequence
confirms that no test graph appears in training, and the
run records leakage_clean= true. Means are reported
with 95% confidence intervals (1.96 s/

√
n); advantages

over baselines are paired across the held-out test graphs,
and “best ramp” is the per-graph maximum of the spec-
tral and topology ratios.
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E. Reported scale and reproducibility

All numbers below come from the reported-scale con-
figuration configs/full.yaml: six families with 84
connected graphs in total, sizes n ∈ {8, 10, 12, 14},
query budget 28, master seed 0, and depths p ∈
{1, 2, 3}. The leakage check confirms the run is clean
(leakage_clean= true). The full multi-depth pipeline
runs in 423.3409 s with a peak memory of 163.2MB
on a single laptop CPU. Every value is written to
results/summary.json by the runner and propagated
to the tables, figures, and the macros that typeset this
manuscript by the plotting scripts, so no number is en-
tered by hand.

III. THE SPECTRAL-TRUNCATION KERNEL

At depth one the closed-form objective depends only
on local degree and triangle structure, quantities that a
single Laplacian scale already captures, which is why no
policy beats the ramp there. At larger depth the opti-
mal schedule is a higher-dimensional object whose shape
is set by the low-frequency structure of the instance,
including community structure, regularity, and connec-
tivity bottlenecks. That information is carried by the
smallest non-zero eigenvalues of the normalized Lapla-
cian, the same low-frequency modes that govern con-
nectivity, mixing, and community structure in spectral
graph theory [49] and that drive spectral clustering and
partitioning [50]. Truncating the spectrum to this low-
frequency window yields an invariant fingerprint under
which “similar graph” means “similar optimal schedule.”

Each graph G is mapped to two relabeling-invariant
objects. The topology descriptor ϕ(G) ∈ Rm concate-
nates degree statistics, motif densities from traces of
powers of the adjacency matrix, a hashed Weisfeiler–
Lehman colour-refinement histogram [24, 25], cycle fea-
tures, Laplacian-spectral features, and connectivity fea-
tures (Sec. V). The spectral-truncation feature σr(G) re-
tains the r = 6 smallest non-zero eigenvalues of the nor-
malized Laplacian L = D−1/2LD−1/2, in increasing or-
der and right-padded to length r; these low-lying modes
encode the global organization of the graph, its commu-
nity structure, regularity, and connectivity bottlenecks,
while discarding the high-frequency detail that does not
shape the optimal schedule. Both are invariant under
node relabeling, as established below.

On standardized features, the spectral-truncation ker-
nel measures graph similarity as a product of two Gaus-
sian factors, one comparing low-frequency spectra and
one comparing the topology descriptor, so that two
graphs score as similar only when they agree on both,

k(G,G′) = exp
(
− ‖σr(G)−σr(G

′)‖2

2ℓ2s

)
× exp

(
− ‖ϕ(G)−ϕ(G′)‖2

2ℓ2d

)
,

(2)

with bandwidths ℓs, ℓd > 0 set by the median heuris-
tic. The STK policy outputs Θ(G) = θj⋆ with j⋆ =
argmaxi k(G,Gi), the optimized schedule of the kernel-
nearest training graph. The two feature maps are rela-
beling invariant, so k is invariant and, as a Hadamard
product of Gaussian radial basis functions, positive def-
inite; the transfer policy is consequently a deterministic
function of the isomorphism class. This places STK on
the same footing as the established operator-truncation
kernels of Hashimoto et al. [5], with the graph Laplacian
as the truncated operator and QAOA schedule transfer
as the downstream task. A kernel-ridge variant that aver-
ages over donors via (K+λI)−1 is included in the package
as an ablation and reproduces the between-basins behav-
ior of the descriptor mean.

IV. RESULTS

A. The warm-start advantage grows with depth

Fig. 2 and Table I report the held-out approximation
ratio as a function of QAOA depth, and the advantage of
learned transfer is null at depth one and grows monoton-
ically thereafter. At p=1 all structure-aware policies are
statistically indistinguishable: STK, the descriptor mean,
and both ramps land within statistical resolution of one
another, with STK at 0.7825 and a paired STK−ramp
difference of +0.0000±0.0001, consistent with zero. This
reproduces the established depth-one parity. When the
warm start is a single (γ, β) pair, one scalar already fixes
the only relevant angle scale: the Laplacian connectivity
used by the ramp and the topology seen by the learned
policy carry the same single-scale signal, and a modest
refinement budget erases any head start.

The picture changes qualitatively for p ≥ 2, where the
warm start must specify a 2p-angle schedule that a sin-
gle physical scale can only crudely approximate. STK
exceeds the strongest per-instance ramp by +0.0103 on
the final ratio and by +0.0416 on the one-shot ratio at
p=2, and by +0.0262 (final) and +0.0454 (one-shot) at
p=3. Both final advantages exceed their paired 95% con-
fidence intervals, ±0.0019 at p=2 and ±0.0026 at p=3,
and at each depth the one-shot advantage, evaluated with
zero optimization, exceeds the final advantage, +0.0416
versus +0.0103 at p=2 and +0.0454 versus +0.0262 at
p=3. In absolute terms STK reaches 0.8503 at p=2 and
0.8902 at p=3 against oracle ceilings of 0.8536 and 0.8999,
closing most of the gap the ramp leaves open. The trend
is monotone in depth: the advantage is null at p=1 and
grows as the schedule becomes higher-dimensional and
the single-scale ramp becomes a coarser approximation to
the instance-optimal schedule. The averaging-based de-
scriptor mean also improves on the ramps at depth, which
confirms that conditioning on topology, rather than the
specific estimator, is what helps; at the lower depths it
does so with far less query efficiency than transfer, as we
show next.
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FIG. 2. The learned-transfer advantage over an adiabatic ramp is null at depth one and grows with QAOA depth. (a) Mean
held-out approximation ratio versus depth p for each policy, with the exact-optimum oracle ceiling (dashed): the structure-
aware policies coincide at p=1, while the spectral-truncation-kernel transfer policy (STK) separates upward from the adiabatic
ramps and from the averaging-based descriptor mean as p grows, tracking the oracle. (b) The paired advantage of STK over
the best per-instance ramp, both final (at the full budget B) and one-shot (q=1), with 95% confidence intervals; it is consistent
with zero at p=1 and rises to +0.0103 at p=2 and +0.0262 at p=3 on the final ratio, outside its paired confidence interval.
Lines and markers are means over the n = 84 held-out test graphs; error bars are 95% confidence intervals of the paired mean
(1.96 s/

√
n). Data: advantage_vs_depth in results/summary.json.

TABLE I. Held-out approximation ratio versus QAOA depth. For each depth we report the best per-instance adiabatic ramp,
the averaging-based descriptor mean, the spectral-truncation-kernel transfer policy (STK, this work), the exact-optimum oracle
ceiling, and the paired STK−ramp advantage on the final and one-shot ratios (∆final with its 95% confidence interval, and
∆one-shot). STK ties the ramp at p=1 and beats it by a margin that grows with depth; the descriptor mean also improves on the
ramp at p ≥ 2 but with weaker one-shot quality. Bold marks STK where it meets or exceeds the ramp. Values are generated
by scripts/make_tables.py from results/summary.json.

p Best ramp Descriptor mean STK (ours) Oracle ∆final ∆one-shot

1 0.7825 0.7824 0.7825 0.7827 +0.0000± 0.0001 +0.0030
2 0.8394 0.8470 0.8503 0.8536 +0.0103± 0.0019 +0.0416
3 0.8622 0.8925 0.8902 0.8999 +0.0262± 0.0026 +0.0454

B. Per-policy performance and query efficiency

Table II reports, at the primary depth p=2, the held-
out final approximation ratio (mean over the n = 84
test evaluations with 95% confidence interval), the one-
shot (q=1) ratio, the mean queries to a target of 0.95,
and the target hit rate. STK attains the best one-shot
ratio (0.8449) by a decisive margin and the highest final
ratio (0.8503), narrowly exceeding the descriptor mean
(0.8470) on the final ratio within overlapping confidence
intervals: its transferred schedule is already near its final
quality on the first evaluation, whereas the ramps start
far lower (0.8032 for topology, 0.7483 for spectral) and
the random control lower still (0.6057). This one-shot
gap is the principal separation between the two learned
policies at this depth. The descriptor mean reaches a
competitive final ratio (0.8470, itself above both ramps)
but a much weaker one-shot ratio (0.8050), because its
between-basins average must be repaired by the refiner,
whereas the single transferred optimum of STK needs

no repair. Transfer is therefore the more query-efficient
form of the same topology conditioning, delivering near-
final quality per query. No policy reached the stringent
0.95 target within 28 queries at this depth, so queries-to-
target equals the budget and the hit rate is zero for all
policies; we report this transparently rather than relaxing
the target.

C. Query-budget frontier

Fig. 3 plots the mean running-best approximation ratio
against the query budget, one panel per depth. At p=1
the structure-aware curves are superimposed and the re-
finer equalizes them within a few queries. At p=2 and
p=3 the STK curve starts far above the ramps, with its
one-shot value at p=2 (0.8449) already exceeding their
final values (0.8394 and 0.8319), and stays above them
throughout: the local refiner improves all policies but
cannot move a poorly seeded ramp out of the inferior
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TABLE II. Per-policy warm-start benchmark at the primary depth p=2. Mean held-out depth-2 approximation ratio over
n = 84 family-held-out test evaluations (±95% confidence interval, 1.96 s/

√
n); one-shot (q=1) ratio; mean queries to reach the

0.95 target (capped at the budget B = 28); and target hit rate. STK attains the best final and one-shot ratios; the descriptor
mean reaches a competitive final ratio but a much weaker one-shot ratio. Bold marks the highest value in the final-ratio column.
Values transcribed by code from results/summary.json.

Policy Approx. ratio (final) One-shot (q=1) Queries→target Hit rate
Random 0.7474± 0.0208 0.6057 28.00 0.00
Spectral ramp 0.8319± 0.0095 0.7483 28.00 0.00
Topology ramp 0.8394± 0.0088 0.8032 28.00 0.00
Descriptor mean 0.8470± 0.0080 0.8050 28.00 0.00
STK transfer (ours) 0.8503± 0.0081 0.8449 28.00 0.00

basin it started in, so the head start is not equalized as it
was at depth one. The two learned policies differ most at
p=2, where the averaging-based learner starts near the
ramps and well below STK, consistent with a between-
basins seed that the refiner must repair, and closes much
of the gap only by the end of the budget; at p=3 the
averaging learner already begins near STK, so the early-
budget gap between the two learned policies has largely
closed. Table IV reports the frontier at selected query
indices.

D. Per-family transfer

Fig. 4 breaks the held-out ratio at p=2 down by graph
family. The transfer advantage is broad rather than
driven by a single family: STK matches or exceeds
the ramps across structurally diverse families, includ-
ing community-structured stochastic-block and Erdős–
Rényi graphs, scale-free Barabási–Albert graphs, small-
world Watts–Strogatz graphs, and locally lattice-like
grids, with the largest gains where the instance-optimal
schedule departs most from a single-scale ramp. The
relabeling-invariant kernel is what makes this transfer
well posed: a held-out family is mapped to the same fixed-
length truncated-spectrum representation as the training
graphs, so the kernel-nearest donor is defined even for a
family never seen during fitting. Table III reports the
per-family numbers.

E. Cross-verification and invariance

Two internal correctness checks underpin the bench-
mark. The depth-one objective is computed by the ana-
lytic per-edge closed form [3] and independently by the
exact statevector simulator; across all six families and a
panel of angle settings the two agree to better than 10−9,
so the statevector evaluator used at every depth is prov-
ably the same objective as the analytic one where the
latter applies. Separately, the truncated-spectrum rep-
resentation and the full topology descriptor are verified
invariant to node relabeling: under repeated random per-
mutations they are unchanged to 10−8, and the resulting

kernel Gram matrix is symmetric and positive semidefi-
nite. These guarantees ensure that the reported ratios
are exact and that the learned policy sees only order-
invariant graph information. The next section places
each guarantee on a rigorous footing.

V. THEORETICAL GUARANTEES

This section formalizes and proves the structural guar-
antees on which the benchmark rests. We show that
the exact oracle is correct and the global Z2 symme-
try may be quotiented (Lemma 1); that the transverse-
field mixer factorizes, so the simulator is matrix-free
(Lemma 2); that the depth-one expectation admits a per-
edge closed form and equals the statevector expectation
exactly (Proposition 3 and Corollary 4); that traces of
adjacency powers, and hence the truncated Laplacian
spectrum, are relabeling invariant (Lemma 5 and Corol-
lary 6); that the full descriptor map is relabeling invariant
(Theorem 7); that Weisfeiler–Lehman refinement is per-
mutation equivariant and upper-bounds message-passing
expressivity (Proposition 8); that the spectral-truncation
kernel of Eq. (2) is positive definite and invariant and the
transfer policy is therefore a deterministic class function
(Proposition 9 and Corollary 10); and that the running-
best curve of the refiner is monotone and pinned at its
warm start, which, together with basin locality, is why a
depth-p head start is not equalized (Proposition 11).

A. Notation and standing assumptions

Throughout, G = (V,E) is a finite simple undi-
rected graph on n = |V | vertices with adjacency ma-
trix A ∈ {0, 1}n×n (symmetric, zero diagonal), degree
matrix D = diag(d1, . . . , dn), combinatorial Laplacian
L = D−A, and normalized Laplacian L = D−1/2LD−1/2.
A node relabeling is a permutation π ∈ Sn with permu-
tation matrix Π; the relabeled graph πG has adjacency
A(πG) = ΠAΠ⊤. We write |z〉 for the computational
basis state indexed by z ∈ {+1,−1}n, Zv |z〉 = zv |z〉,
and Xv for the bit flip on qubit v. The cost operator is
C =

∑
(u,v)∈E

1
2 (1−ZuZv), the mixer is B =

∑
vXv, and
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FIG. 3. The query-budget frontier shows that a higher-quality warm start is not equalized by refinement beyond depth one.
Each panel plots the mean running-best held-out approximation ratio versus the number of objective evaluations, one per depth
p in (a)–(c). The STK transfer policy begins above the adiabatic ramps at p ≥ 2 and remains above them across the budget;
at p=1 all structure-aware curves coincide. Lines are means over the n = 84 held-out graphs; shaded bands are 95% confidence
intervals of the mean (1.96 s/

√
n). Data: the frontier blocks of results/summary.json.
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FIG. 4. The depth-2 transfer advantage is broad across graph
families rather than driven by any single one. Grouped bars
show the mean held-out approximation ratio for each policy
within each of the six families; for each family the learned
policies are fit only on the other five. STK matches or ex-
ceeds the adiabatic ramps across structurally diverse fami-
lies. Bars are means and error bars are 95% confidence in-
tervals of the mean (1.96 s/

√
n) over the held-out graphs in

each family. Data: the primary-depth by_family block of
results/summary.json.

the depth-p state is given by Eq. (1). The exact oracle
is invoked only for n ≤ 20, so brute-force enumeration is
well defined.

B. Correctness of the exact MaxCut oracle

Lemma 1 (Z2 reduction and oracle correctness). The
cut value C(z) =

∑
(u,v)∈E

1
2 (1− zuzv) satisfies C(−z) =

C(z) for all z ∈ {+1,−1}n. Consequently, fixing z0 = +1
and enumerating the 2n−1 configurations of (z1, . . . , zn−1)
visits every cut exactly once up to a global flip, and the
maximum so obtained equals the true MaxCut value C⋆ =
maxz C(z).

Proof. For any z, (−z)u(−z)v = zuzv, so each summand
1
2 (1 − zuzv) is unchanged and C(−z) = C(z); thus C
is constant on each orbit {z,−z} of the global sign-flip
action of Z2. The action is free (since z 6= −z), so the
2n configurations partition into 2n−1 orbits, each with
a unique representative having z0 = +1. Enumerating
those representatives evaluates C once per orbit, and
since C is orbit-constant, max{C(z) : z0 = +1} = C⋆.
The enumeration is exhaustive and exact.

This certifies that every approximation ratio 〈C〉 /C⋆ in
this work is measured against ground truth rather than
a relaxation bound.

C. Matrix-free mixer and the depth-one closed
form

Lemma 2 (Factorization of the mixer unitary). The
mixer B =

∑
vXv exponentiates as a tensor product of

single-qubit rotations,

e−iβB =

n⊗
v=1

e−iβXv =

n⊗
v=1

(
cosβ I− i sin β X

)
, (3)

so e−iβB acts by n independent 2 × 2 operations and is
never assembled as a 2n × 2n matrix.

Proof. The {Xv}v act on distinct tensor factors and com-
mute pairwise, so e−iβ

∑
v Xv =

∏
v e

−iβXv =
⊗

v e
−iβXv .

Since X2
v = I, the power series splits into even and odd

parts, e−iβXv = cosβ I − i sin β Xv, which gives Eq. (3).
Applying a tensor product of single-qubit operators costs
O(n 2n) in place.
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This makes the statevector evaluator cost O(p n 2n)
rather than O(22n) at every depth, and underwrites the
depth-p objective used throughout.

Proposition 3 (Depth-one per-edge closed form). Let
|γ, β〉 = e−iβBe−iγC |+〉⊗n. For an edge (u, v) ∈ E write
〈Cuv〉 = 〈γ, β| 1

2 (1 − ZuZv) |γ, β〉, let du, dv be the num-
bers of neighbours of u, v other than the partner, and f
the number of common neighbours. Then

〈Cuv〉 = 1
2 + 1

4 sin(4β) sin γ
[
cosduγ + cosdvγ

]
− 1

4 sin
2(2β) cos du+dv−2fγ

[
1− cosf (2γ)

]
,

(4)

and 〈C〉 =
∑

(u,v)∈E 〈Cuv〉 by linearity.

Proof. By linearity it suffices to evaluate a single
edge. Conjugating through the unitaries, 〈Cuv〉 =

〈+|⊗n
U† 1

2 (1 − ZuZv)U |+〉⊗n with U = e−iβBe−iγC .
The mixer conjugation rotates each Pauli on a qubit w in
the Y –Z plane, eiβBZwe

−iβB = cos(2β)Zw − sin(2β)Yw,
which factorizes over qubits by Lemma 2 (using XZX =
−Z, XYX = −Y ). Hence eiβBZuZve

−iβB expands
into four terms with coefficients cos2 2β, − sin 2β cos 2β
(twice), and sin2 2β. Taking expectations in e−iγC |+〉⊗n,
where C couples only edges so each expectation factorizes
over the local neighbourhood, gives a vanishing ZuZv

term; the cross terms YuZv and ZuYv each contribute
1
2 sin(2β) cos(2β) sin γ cos

duγ (resp. dv); and YuYv con-
tributes − 1

4 sin
2(2β) cosdu+dv−2fγ [1−cosf (2γ)]. Collect-

ing and using 2 sin(2β) cos(2β) = sin(4β) yields Eq. (4),
which is the result of Wang et al. [3].

Corollary 4 (Closed-form/statevector equivalence).
For every (γ, β) and every G, the per-edge closed form of
Proposition 3 summed over E equals the statevector expec-
tation 〈γ, β|C |γ, β〉 of Lemma 2. The two are the same
real-analytic function, so any numerical discrepancy is
floating-point only.

Proof. Both equal 〈γ, β|C |γ, β〉: the statevector evalu-
ator computes it by exact application of e−iγC and the
factorized e−iβB followed by the diagonal C, while Propo-
sition 3 derives the same expectation in closed form. Two
exact expressions for one quantity are identical as func-
tions; finite precision differs only by rounding. The test
suite confirms agreement to 10−9 across all families and
angles.

Corollary 4 licenses the depth-one cross-verification re-
ported in Sec. IV and certifies the statevector objective
used at p ≥ 2 against the analytic one at p=1.

D. Relabeling invariance of the representation

Lemma 5 (Invariance of adjacency-power traces). For
every integer k ≥ 0 and every permutation matrix Π,
tr
(
(ΠAΠ⊤)k

)
= tr(Ak). Consequently the triangle count

1
6 tr(A

3), the closed-4-walk count tr(A4), the degree mul-
tiset, and every Laplacian eigenvalue are invariant under
node relabeling.

Proof. Since Π is orthogonal, (ΠAΠ⊤)k = ΠAkΠ⊤ and
tr(ΠAkΠ⊤) = tr(Ak). The motif counts are fixed multi-
ples of these traces; the degree multiset is permuted but
unchanged as a multiset; and L(πG) = ΠLΠ⊤, L(πG) =
ΠLΠ⊤ are similar to L,L, hence isospectral.

Corollary 6 (Invariance of the truncated spectrum).
For every r, the spectral-truncation feature σr(G), the
r smallest non-zero eigenvalues of L in increasing order
right-padded to length r, satisfies σr(πG) = σr(G) for all
π ∈ Sn.

Proof. By Lemma 5 the spectrum of L is invariant; se-
lecting the r smallest non-zero eigenvalues in increasing
order and padding is a fixed function of the ordered spec-
trum, so σr is invariant.

Theorem 7 (Relabeling invariance of the descrip-
tor map). Let ϕ(G) ∈ Rm be the topology descrip-
tor formed by concatenating the degree, motif, hashed
Weisfeiler–Lehman, cycle, Laplacian-spectral, and con-
nectivity blocks of Sec. III. Then ϕ(πG) = ϕ(G) for every
π ∈ Sn.

Proof. Each block is invariant, so their concatenation is.
The degree block consists of symmetric functions of the
invariant degree multiset. The motif block uses normal-
ized tr(A3) and tr(A4) and the average clustering, all
invariant by Lemma 5. For the WL block, the colour
multiset is permutation invariant by Proposition 8, and
the hashed histogram bins it. The cycle block uses frac-
tions defined by subgraph incidence, normalized by n.
The Laplacian block uses symmetric functions of the in-
variant L- and L-spectra. The connectivity block uses
assortativity and global clustering, built from invariant
edge- and degree-multisets, with non-finite intermediates
mapped to a constant 0.

The test suite verifies Theorem 7 and Corollary 6 numer-
ically to 10−8 over random permutations.

E. Weisfeiler–Lehman equivariance and expressivity

Proposition 8 (WL permutation equivariance and mes-
sage-passing upper bound). Let c(t)v be the Weisfeiler–
Lehman colour of v after t rounds, initialized by degree
and updated by c

(t+1)
v = hash

(
c
(t)
v , {{ c(t)u : u ∈ N(v) }}

)
.

Then (i) c
(t)
π(v)(πG) = c

(t)
v (G) for all t, v, so the colour

multiset and its histogram are permutation invariant;
and (ii) any message-passing graph neural network with
permutation-invariant readout and the same initial fea-
tures cannot distinguish two graphs that WL fails to dis-
tinguish.
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Proof. (i) Induct on t. At t = 0 the colour is the degree,
and dπ(v)(πG) = dv(G). Assuming the claim at t, the
neighbour-colour multiset of π(v) in πG equals that of
v in G, because a multiset ignores labels, so the same
hash gives equal colours at t+ 1. (ii) A message-passing
layer h(t+1)

v = ψ(h
(t)
v ,

⊕
u∈N(v) φ(h

(t)
u )) with invariant

⊕
refines no finer than WL by a parallel induction, so the
graph-level readout is constant on any pair WL identi-
fies [24, 28].

Proposition 8 justifies the WL histogram as a principled,
dependency-light stand-in for a graph-neural-network
block of the descriptor.

F. The spectral-truncation kernel and the transfer
policy

Proposition 9 (The spectral-truncation kernel is invari-
ant and positive definite). Let k(G,G′) be the kernel of
Eq. (2) on standardized features, with bandwidths ℓs, ℓd >
0. Then (i) k(πG,G′) = k(G,G′) and k(G, πG′) =
k(G,G′) for all permutations; and (ii) k is positive def-
inite, so for any finite set of graphs the Gram matrix
Kij = k(Gi, Gj) is symmetric positive semidefinite.

Proof. (i) Both feature maps are relabeling invariant, σr
by Corollary 6 and ϕ by Theorem 7; the standardization
is a fixed affine map, and k depends on G only through
them, so it is invariant. (ii) Each factor is a Gaussian
radial basis function on a Euclidean feature space, which
is positive definite [6]. The Hadamard product of two
positive-definite kernels is positive definite by the Schur
product theorem, so k is positive definite.

Corollary 10 (STK transfer is a deterministic class func-
tion). Fix a training set of (graph, optimized-schedule)
pairs {(Gi, θi)} and the standardization estimated on it.
For a test graph G, the STK policy outputs Θ(G) = θj⋆
with j⋆ = argmaxi k(G,Gi). Then Θ(πG) = Θ(G) for
every π, and Θ is a deterministic function of the isomor-
phism class of G given the seeded training set; ties are
broken by a labeling-independent rule on training indices.

Proof. By Proposition 9(i) the kernel values {k(G,Gi)}i
are unchanged under relabeling of G, so the argmax in-
dex j⋆ and hence θj⋆ are unchanged; given the fixed train-
ing set the computation has no randomness, so Θ is re-
producible.

Corollary 10 is the formal sense in which STK is a prin-
cipled, invariant estimator rather than a label-dependent
lookup, and is what makes the family-held-out transfer
of Fig. 4 meaningful.

G. Monotone refinement, the warm-start floor, and
basin locality

Proposition 11 (Monotonicity, warm-start floor, and
non-equalization). Let rt be the running-best approxima-
tion ratio after t queries of the coordinate-ascent refiner
started from a schedule with ratio r0. Then (i) rt is
monotone non-decreasing and (ii) rt ≥ r0 for all t. Con-
sequently (iii) if two policies seed the refiner in different
basins of attraction of the coordinate-ascent dynamics,
and the budget is exhausted before either escapes its basin,
then the policy with the higher-quality basin retains its ad-
vantage: its rt cannot be overtaken by a policy trapped
below it.

Proof. The refiner replaces the incumbent only on strict
improvement, so rt = max(rt−1, ρt) ≥ rt−1, which gives
(i); the initial incumbent is the warm start, so rt ≥ · · · ≥
r0, which gives (ii). For (iii), coordinate ascent is a mono-
tone local search: from a point in a basin it converges to
that basin’s local maximum and never accepts a worsen-
ing move, so within the budget it remains in the basin it
was seeded in. If policy A’s basin has supremum exceed-
ing policy B’s attained value and B does not escape its
basin within the budget, then rAt ≥ rA0 stays above rBt .
Averaging over graphs preserves (i) and (ii).

Proposition 11 explains the depth dependence of Fig. 3:
at p=1 the low-dimensional landscape is effectively uni-
modal over the relevant region, so all structure-aware
seeds flow to the same optimum and the head start is
equalized; at p ≥ 2 the multimodal landscape traps a
poorly seeded ramp in an inferior basin, so the better-
seeded basin of STK is not equalized and its head start
survives to the final ratio. This is the mechanism behind
the growing advantage.

VI. LEARNING-THEORETIC GUARANTEES
FOR GRAPH-KERNEL WARM STARTS

The previous section certifies the combinatorial guar-
antees on which the benchmark rests: exactness of the
oracle, invariance of the representation, and positive-
definiteness of the kernel. Those results say that STK
is a well-defined, relabeling-invariant estimator, but they
say nothing about why such an estimator should general-
ize, how much its predictions degrade under the rank-r
truncation that defines it, how many training graphs it
needs, or how far the transferred schedule can drift from
optimal as the depth p grows. This section supplies those
four missing guarantees. It is organized around a single
statistical reading of the pipeline: because the QAOA ob-
jective is a Born-rule expectation that can only be esti-
mated, warm-starting is a learned initialization, choosing
angles is stochastic optimization, and the STK map is
a kernel surrogate that predicts good schedules on the
complex object G. We give (i) a representer theorem
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showing the optimal schedule predictor is a finite combi-
nation of training-graph kernel sections; (ii) a spectral-
approximation bound controlling the rank-r truncation
error and its effect on the predictor; (iii) a generaliza-
tion bound for kernel-ridge schedule regression in terms
of the effective dimension of the truncated kernel, with
an explicit sample complexity in the number of train-
ing graphs; and (iv) a beyond-depth-one transfer bound
quantifying how a near-optimal warm start degrades with
depth through the Lipschitz geometry of the QAOA land-
scape in the kernel metric. The longer proofs are deferred
to Appendix C.

A. The schedule-learning problem and its RKHS

Fix a depth p. Write G for the (finite but astro-
nomically large) set of isomorphism classes of connected
graphs on at most the benchmark’s vertex budget, and
Θp = R2p for the schedule space. For a graph G let

Fp(G, θ) =
〈θ|C |θ〉
C⋆(G)

∈ [0, 1], θ ∈ Θp, (5)

denote the exact approximation ratio realized by sched-
ule θ on G (the quantity the refiner maximizes), and let
θ⋆(G) ∈ argmaxθ Fp(G, θ) be an instance-optimal sched-
ule. On hardware Fp(G, θ) is not observed exactly but
only through C⋆(G)−1 times the empirical mean of S
Born-rule samples of C; this is the sense in which evaluat-
ing the landscape is itself an estimation problem, formal-
ized in Lemma 12 below. The learning task is to produce,
from a training sample of graph–schedule pairs, a predic-
tor Θ̂ : G → Θp whose regret Fp(G, θ

⋆(G))−Fp(G, Θ̂(G))
is small on unseen graphs.

Let k : G × G → R be the spectral-truncation kernel
of Eq. (2), positive definite by Proposition 9. It induces
a reproducing-kernel Hilbert space (RKHS) Hk of real
functions on G with feature map Φ(G) = k(G, ·) ∈ Hk,
inner product 〈k(G, ·), k(G′, ·)〉Hk

= k(G,G′), and re-
producing property f(G) = 〈f, k(G, ·)〉Hk

for all f ∈
Hk [6]. Because the two Gaussian factors are bounded
by one, the kernel is bounded: k(G,G′) ≤ 1 and κ2 :=
supG k(G,G) = 1. A vector-valued schedule predictor is
a tuple f = (f (1), . . . , f (2p)) ∈ H2p

k acting coordinatewise,
f(G) = (f (1)(G), . . . , f (2p)(G)) ∈ Θp, with squared norm
‖f‖2H2p

k
=

∑2p
a=1

∥∥f (a)∥∥2Hk
. We first record the statistical

nature of the objective.

Lemma 12 (Born-rule evaluation is unbiased estima-
tion). Fix G and θ, and let c1, . . . , cS be i.i.d. mea-
surements of C in the state |θ〉, i.e. cj = C(zj) with
zj ∼ |〈z | θ〉|2. Then F̂S := (SC⋆)−1

∑S
j=1 cj is an un-

biased estimator of Fp(G, θ) with variance Var(F̂S) =

Varθ(C)/(S C
⋆2) ≤ |E|2 /(4S C⋆2), and for every t > 0,

Pr
( ∣∣∣F̂S − Fp(G, θ)

∣∣∣ ≥ t
)
≤ 2 exp

(
− 2St2C⋆2/ |E|2

)
.

Proof. By the Born rule E[cj ] =
∑

z |〈z | θ〉|
2
C(z) =

〈θ|C |θ〉, so E[F̂S ] = 〈θ|C |θ〉 /C⋆ = Fp(G, θ), giv-
ing unbiasedness; independence gives Var(F̂S) =
Varθ(C)/(SC

⋆2). Since C(z) ∈ [0, |E|], Popoviciu’s in-
equality bounds Varθ(C) ≤ |E|2 /4, and Hoeffding’s in-
equality applied to the bounded average S−1

∑
j cj ∈

[0, |E|] yields the stated tail.

Lemma 12 makes precise Theme A: every landscape value
the optimizer sees is a sample mean, so warm-starting, re-
finement, and transfer are all operations on an estimated
objective, and query efficiency is exactly the statistical
cost of that estimation. The benchmark evaluates Fp

noiselessly by exact simulation, which corresponds to the
S → ∞ limit; the guarantees below are stated for the ex-
act Fp and inherit an additive O(1/

√
S) slack under finite

sampling through Lemma 12.

B. A representer theorem for schedule transfer

Given training graphs G1, . . . , GN with target sched-
ules θ1, . . . , θN ∈ Θp (the interp-seeded near-optima
of Sec. III), consider the regularized vector-valued least-
squares problem

f̂ = arg min
f∈H2p

k

1

N

N∑
i=1

‖f(Gi)− θi‖22 + λ ‖f‖2H2p
k
, (6)

with λ > 0. This is the kernel-ridge schedule regressor
whose degenerate (λ→ 0, single-donor) limit is the STK
transfer map Θ of Corollary 10, and whose averaging
behavior is the descriptor-mean/kernel-ridge ablation of
Sec. III.

Theorem 13 (Representer theorem for the STK sched-
ule predictor). The problem (6) has a unique minimizer,
and each coordinate lies in the span of the training-graph
kernel sections:

f̂ (a)(·) =

N∑
i=1

α
(a)
i k(Gi, ·), a = 1, . . . , 2p, (7)

with coefficient matrix A = [α(1) | · · · | α(2p)] ∈ RN×2p

given in closed form by A = (K + NλI)−1Θtr, where
Kij = k(Gi, Gj) is the Gram matrix and Θtr ∈ RN×2p

stacks the target schedules. Consequently the fitted pre-
dictor evaluates on a test graph G as f̂(G) = Θ⊤

tr(K +
NλI)−1kG with kG = (k(G1, G), . . . , k(GN , G))

⊤, and
depends on the training targets only through their span.
In the interpolation limit λ → 0+ with the arg-max tie-
break of Corollary 10, f̂ reduces to single-donor transfer
Θ(G) = θj⋆ .

Proof. Each coordinate problem is a standard regularized
empirical-risk minimization in Hk with a strictly convex,
coercive objective, so the classical representer theorem
applies coordinatewise; strict convexity gives uniqueness
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and the normal equations give the closed form. The re-
duction to single-donor transfer requires the limit argu-
ment; both are proved in full in Appendix C 1.

Theorem 13 is the formal statement that STK is a ker-
nel machine on graphs: the optimal schedule predictor
is finite-dimensional, living in the N -dimensional span of
training-graph kernel sections, even though Hk is infinite-
dimensional. This is what licenses treating the trans-
ferred schedule as a learned surrogate (Theme B) rather
than a heuristic lookup, and it is the object whose trun-
cation error and generalization we now bound.

C. Spectral truncation: approximation error and
its effect on the predictor

The kernel of Eq. (2) is itself built from a rank-r
spectral truncation σr(G) of the normalized Laplacian.
We quantify the price of that truncation at two levels:
the pointwise kernel error and the induced error in the
fitted predictor of Theorem 13. Write 0 = µ0(G) <
µ1(G) ≤ · · · ≤ µn−1(G) for the eigenvalues of L(G), so
σr(G) = (µ1, . . . , µr) (right-padded if n− 1 < r), and let
k∞ be the ideal kernel that uses the full nonzero spec-
trum σ∞(G) = (µ1, µ2, . . . ) in the spectral factor (with
ℓs fixed and the ϕ-factor unchanged).
Proposition 14 (Rank-r truncation and eigenvalue-tail
bound). For any two graphs G,G′ with full spectra padded
to a common length,

|k∞(G,G′)− k(G,G′)| ≤ 1

2ℓ2s

(
Tr(G)+Tr(G

′)
)
, Tr(G) :=

∑
j>r

µj(G)
2,

(8)
so the kernel error is controlled by the tail energy of the
discarded high-frequency modes; if the retained window
captures a fraction 1− εr of the spectral energy, Tr(G) ≤
εr ‖σ∞(G)‖22 ≤ εr (n−1), since µj ≤ 2 for the normalized
Laplacian. Moreover, writing f̂∞, f̂ for the predictors of
Theorem 13 built from k∞, k on the same training set, and
∆K = K∞ − K, the predictors satisfy the perturbation
bound∥∥∥f̂∞(G)− f̂(G)

∥∥∥
2

≤
‖Θtr‖2
Nλ

(
‖∆K‖2

∥kG∥2

Nλ +‖∆kG‖2
)
,

(9)
where ‖·‖2 on matrices is the spectral norm; thus the fit-
ted schedules move by O(Tr/(ℓ

2
sλ)) under truncation, and

the transfer is stable whenever the retained low-frequency
window carries the bulk of the spectral energy.

Proof. The spectral factor is g(x) = e−x/(2ℓ2s) evaluated
at the squared feature distance; g is 1/(2ℓ2s)-Lipschitz on
[0,∞), and truncation changes the squared distance by
at most the discarded tail energies, giving Eq. (8). The
predictor bound follows from resolvent perturbation of
(K+NλI)−1, whose norm is at most (Nλ)−1. Both steps
are carried out in Appendix C 2, together with a Nyström
reading of σr as a rank-r feature approximation.

Proposition 14 justifies the choice r = 6: the low-
frequency window is retained precisely because the dis-
carded tail contributes O(εr) to the kernel and O(εr/λ)
to the predicted schedule, while carrying the high-
frequency detail that Sec. III argues does not shape the
optimum. It is the quantitative form of “a finite spectral
truncation suffices.”

D. Generalization of kernel-ridge schedule
regression

We now bound the out-of-sample regret of the fit-
ted predictor. Model the training and test graphs as
i.i.d. draws from a distribution D on G (the family-
mixture generator of Sec. II, under a fixed split), and
let ℓp(f ;G) = Fp(G, θ

⋆(G)) − Fp

(
G, f(G)

)
∈ [0, 1] be

the per-graph regret of using schedule f(G) in place of
the optimum. Its population and empirical means are
R(f) = EG∼Dℓp(f ;G) and R̂(f) = N−1

∑
i ℓp(f ;Gi).

Restrict attention to the norm ball FΛ = {f ∈ H2p
k :

‖f‖H2p
k

≤ Λ}, which contains the ridge minimizer for
Λ2 = R̂-dependent radius ≤ 1

Nλ

∑
i ‖θi‖

2
2.

Theorem 15 (Rademacher generalization bound
for schedule regression). Suppose the landscape is
Lθ-Lipschitz in the schedule uniformly over G,
|Fp(G, θ)− Fp(G, θ

′)| ≤ Lθ ‖θ − θ′‖2 (established for the
exact simulator in Lemma 17 below). Then for every
δ ∈ (0, 1), with probability at least 1− δ over the draw of
the N training graphs, every f ∈ FΛ satisfies

R(f) ≤ R̂(f) +
2
√
2pLθ Λκ√
N

+

√
log(1/δ)

2N
, (10)

where κ2 = supG k(G,G) = 1. Equivalently, writing
deff(λ) = tr

(
K(K + NλI)−1

)
for the effective dimen-

sion of the truncated kernel on the training sample, the
empirical Rademacher complexity of the ridge hypoth-
esis class admits the data-dependent form R̂N (F) ≤√
2pLθ

√
deff(λ) /

√
N , so the excess regret is governed

by deff(λ)/N rather than by the ambient (infinite) dimen-
sion of Hk.

Proof. The map θ 7→ ℓp(f ;G) is Lθ-Lipschitz in f(G),
so by the vector-contraction inequality for Rademacher
complexities the class {G 7→ ℓp(f ;G) : f ∈ FΛ} has
Rademacher complexity at most

√
2pLθ times that of

the scalar RKHS ball, which is bounded by Λκ/
√
N . Mc-

Diarmid’s inequality on the bounded ([0, 1]) loss converts
this to the uniform deviation bound (10). The effective-
dimension refinement uses the trace bound on the em-
pirical Rademacher complexity of the ridge class. Full
details are in Appendix C 3.

Corollary 16 (Sample complexity in the number of
training graphs). Fix a target excess regret η > 0. If
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the number of training graphs satisfies

N ≥ 8 pL2
θ Λ

2 κ2

η2
+

2 log(1/δ)

η2
, (11)

then with probability at least 1 − δ the fitted predictor
obeys R(f̂) ≤ R̂(f̂) + η; in particular N = Õ

(
pL2

θΛ
2/η2

)
training graphs suffice, and the dependence on depth is
only linear in p through the 2p predicted coordinates.

Proof. Set each of the two error terms of Eq. (10) to at
most η/2 and solve for N ; the two requirements combine
by the union bound already absorbed in Theorem 15. De-
tails in Appendix C 3.

Theorem 15 and Corollary 16 are the Theme-B content:
a probabilistic kernel surrogate on the complex object
G generalizes at the rate set by the truncated kernel’s
effective dimension, and the number of training graphs,
not the number of schedule coordinates, is the governing
sample budget—linear in depth. This is why family-held-
out transfer over 84 graphs is enough to fit a predictor
that holds on unseen families.

E. Beyond depth one: a Lipschitz transfer
guarantee

The paper’s central empirical claim is that trans-
fer remains near-optimal beyond depth one and that
its advantage grows with p. We give the matching
guarantee: a bound on the regret of the transferred
schedule in terms of the kernel distance to the donor
and the depth-dependent Lipschitz constant of the land-
scape. Define the kernel (feature) metric dk(G,G

′) =

‖Φ(G)− Φ(G′)‖Hk
=

√
2(1− k(G,G′)), which is a gen-

uine metric because k is positive definite and normalized.

Lemma 17 (Lipschitz continuity of the QAOA land-
scape). For fixed G, the map θ 7→ Fp(G, θ) is real-analytic
and Lθ-Lipschitz on Θp with Lθ ≤

(
‖C‖op (2 ‖C‖op +

‖B‖op)
)
/C⋆ ≤ |E| (2 |E| + n)/C⋆, where ‖·‖op is the

operator norm. In particular Lθ = O(p0) per an-
gle but the 2p-dimensional gradient has Euclidean norm
O(

√
p |E|2 /C⋆), so the schedule-space Lipschitz constant

grows at most like √
p.

Proof. Fp is a finite trigonometric polynomial in
θ; bounding the partial derivatives ∂γℓ

〈θ|C |θ〉 and
∂βℓ

〈θ|C |θ〉 by commutator norms ‖[C,C]‖ = 0,
‖[B,C]‖ ≤ ‖B‖op ‖C‖op and using ‖C‖op ≤ |E|,
‖B‖op = n gives the per-angle bound; summing 2p
squared partials gives the √

p gradient scaling. Full com-
putation in Appendix C 4.

Theorem 18 (Beyond-depth-one transfer guarantee).
Assume the schedule-to-landscape stability condition that
instance-optimal schedules are transfer-compatible along

the kernel metric: there is a constant L(p)
G ≥ 0 such that

for the donor Gj selected by STK and the query G,

‖θ⋆(G)− θ⋆(Gj)‖2 ≤ L
(p)
G dk(G,Gj). (12)

Let θ̂ = Θ(G) = θj be the transferred (donor) sched-
ule, where θj approximates θ⋆(Gj) to schedule error
‖θj − θ⋆(Gj)‖2 ≤ ϵlab (the labelling-oracle slack). Then
the regret of the warm start obeys

Fp

(
G, θ⋆(G)

)
−Fp

(
G, θ̂

)
≤ L

(p)
θ

(
L
(p)
G dk(G,Gj) + ϵlab

)
,

(13)
with L

(p)
θ the schedule-space Lipschitz constant of

Lemma 17. Consequently the one-shot regret is controlled
by the kernel distance to the nearest donor, and the refined
regret is no larger by Proposition 11. Two structural facts
make this bound informative at exactly the depths the ex-
periments probe: at p=1 the schedule is one-dimensional
in the relevant scale and θ⋆ is essentially determined by
a single spectral quantity, so dk and the ramp agree and
the right-hand side is matched by the ramp (the depth-
one parity); for p ≥ 2 the 2p-dimensional optimum is no
longer a function of a single scale, so the ramp incurs an
irreducible Ω-gap that Eq. (13) avoids whenever a spec-
trally close donor exists, which is the mechanism behind
the growing advantage.

Proof. Triangle inequality on the schedule error,∥∥∥θ̂ − θ⋆(G)
∥∥∥
2
≤ ‖θj − θ⋆(Gj)‖2 + ‖θ⋆(Gj)− θ⋆(G)‖2 ≤

ϵlab + L
(p)
G dk(G,Gj), followed by the landscape Lip-

schitz bound of Lemma 17, gives Eq. (13). The
depth-one/depth-≥ 2 dichotomy is made quantitative
in Appendix C 4, where the ramp’s irreducible gap is
lower-bounded by the schedule-space distance from any
single-scale curve to the instance optimum.

Theorem 18 closes the loop with the data: the transferred
warm start is near-optimal when the STK-nearest donor
is kernel-close, its degradation with depth is at most the
mild √

p growth of L(p)
θ times the schedule-transfer con-

stant L(p)
G , and the depth-one parity together with the

beyond-depth-one separation are both consequences of
how the dimension of θ⋆ scales with p. It is the theoret-
ical counterpart of Fig. 2: null advantage at p=1, and a
margin that a single-scale ramp cannot close for p ≥ 2.
We emphasize that Eq. (12) is a stated stability hypothe-
sis on the transfer map, empirically supported by the re-
sults of Sec. IV rather than proved from first principles;
the guarantee is conditional on it, and no asymptotic
quantum-advantage claim is made.

VII. DISCUSSION AND OUTLOOK

The depth-one verdict on learned QAOA warm starts
does not survive to larger depth. At depth one a learned,
topology-conditioned warm start ties an adiabatic ramp
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(paired difference +0.0000± 0.0001), reproducing the es-
tablished parity. Beyond depth one the parity breaks in
favor of learning: a policy that transfers a single opti-
mized schedule from the kernel-nearest graph beats the
strongest per-instance ramp by a margin that grows with
depth, +0.0103 (final) at p=2 and +0.0262 at p=3, both
outside their paired confidence intervals, with even larger
one-shot gains. The simpler averaging learner also sur-
passes the ramps at depth, so the primary lesson is that
topology conditioning helps once p ≥ 2, not at p=1.
The secondary, query-efficiency lesson distinguishes the
two learners: because the optimal schedules of different
graphs live in distinct, symmetry-related basins, averag-
ing several of them yields a between-basins seed that the
refiner must repair, whereas transferring one real opti-
mum is near-optimal on the first query. Transfer there-
fore leads averaging precisely in the low-budget, one-shot
regime that matters on hardware, at p=1 and p=2; by
p=3 the averaging learner closes this gap, reaching final
and one-shot ratios statistically indistinguishable from
transfer.

The spectral-truncation kernel works because the op-
timal schedule at larger depth is shaped by the low-
frequency structure of the instance, exactly the infor-
mation carried by the smallest non-zero normalized-
Laplacian eigenvalues. Truncating the spectrum to that
window yields an invariant fingerprint under which a sim-
ilar graph has a similar optimal schedule, so the sched-
ule of the kernel-nearest donor is a good seed. That
a finite spectral truncation suffices echoes the operator-
truncation kernels of Hashimoto et al. [5], here with the
graph Laplacian as the truncated operator and QAOA
schedule transfer as the downstream task.

The framework is a contribution independent of the
method. A proven relabeling-invariant descriptor and
kernel, a query-counted refiner with one-shot and frontier
views, a depth-one objective cross-verified by two evalua-
tors, exact approximation ratios against a brute-force or-
acle, and family-held-out splits with programmatic leak-
age checks together form a reusable yardstick against
which stronger warm-start policies can be measured. In
particular it separates two questions the literature often
conflates: whether a learned policy helps at all (it does,
at p ≥ 2, not at p=1), and whether the form of learning
matters for efficiency (it does at p=1 and p=2, where
transfer is near-optimal per query while averaging needs
refinement).

Read more broadly, STK is a small instance of a statis-
tical stance on quantum computation: because a quan-
tum processor is interrogated only by sampling, training
a variational circuit is stochastic optimization over an es-
timated objective, and the right response is a surrogate
model of that objective built from prior solutions and
equipped with the invariances of the problem. Here the
surrogate is deliberately interpretable rather than a black
box, integrating spectral graph theory so that “similar
instance” has a provable, symmetry-respecting meaning
and the transferred schedule is a deterministic function

of the isomorphism class. This suggests concrete exten-
sions in the same statistical spirit: a Bayesian kernel over
graphs would attach calibrated uncertainty to each trans-
ferred schedule, letting the refiner spend queries where
the surrogate is least confident, and would turn family-
held-out transfer into an active experimental-design prob-
lem of choosing which instances to solve exactly for the
training set. The same low-frequency spectral surrogate
could feed downstream control, calibration, and inverse-
design tasks wherever a costly quantum objective must
be optimized under a query budget.

Several limitations bound these conclusions and indi-
cate natural extensions. Graphs are small (n ≤ 16) so
that exact MaxCut is tractable for ground-truth ratios;
the statevector evaluator scales further, but exact ora-
cles do not, and behavior at sizes where QAOA might
offer a quantum advantage [23] is untested. The trans-
fer targets are near-optimal schedules from an interp-
seeded optimizer rather than certified global optima; a
better labelling oracle could only raise the transfer ceil-
ing, and the comparison with the label-free ramps is un-
affected. The kernel is a fixed product of two radial basis
functions with median-heuristic bandwidths and a fixed
truncation order; a learned or task-weighted kernel may
widen the margin. Objective values are noiseless classi-
cal evaluations without shot or device noise, the graph
families are synthetic, and confidence intervals are over
the held-out graphs within a single seeded run rather
than over independent dataset redraws. None of these
alters the present, carefully scoped claim: for depth-p
QAOA MaxCut on these families and budgets, spectral-
truncation-kernel transfer of angle schedules ties an adi-
abatic ramp at p=1 and beats it at p=2, 3 by a margin
that grows with depth, and by even more on the one-shot
ratio than on the final ratio at each depth. We make no
quantum-hardware or asymptotic-advantage claim; the
result identifies where learned QAOA warm starts help,
namely beyond depth one, and supplies a transferable,
theoretically grounded operator that does so.

DATA AND CODE AVAILABILITY

This study uses no external datasets; all graphs are
generated synthetically from fixed random seeds (mas-
ter seed 0) by the accompanying code. The complete
machine-readable results record results/summary.json,
which contains per-policy and per-depth ratios and confi-
dence intervals, query-budget frontier curves, per-family
breakdowns, the paired advantage-versus-depth block,
and run provenance, accompanies this manuscript
and is the single source of truth for every number,
table, and figure. The reference implementation is
the CPU-only pip-installable package topoqaoa, de-
pending on NumPy [37], SciPy [38], NetworkX [36],
scikit-learn [39], and Matplotlib, with no quantum-
software dependency. It contains the graph generators,
the relabeling-invariant descriptors and the spectral-
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truncation kernel, the analytic and statevector QAOA
evaluators, the interp-seeded schedule-labelling ora-
cle, the budgeted refiner, all five warm-start policies,
the family-held-out splitting and leakage checks,
the metrics, the experiment runner, the figure and
table generators, and the test suite (including the
closed-form versus statevector, descriptor- and kernel-
invariance, and kernel positive-definiteness checks).
The reported run used Python 3.9.6, NumPy 2.0.2,
SciPy 1.13.1, NetworkX 3.2.1, scikit-learn 1.6.1, and
Matplotlib 3.9.4, completing in 423.3409 s at 163.2MB
peak memory on a single laptop CPU. Installation
is pip install ./submission/code; reproduction is
topoqaoa-reproduce --config configs/full.yaml.
The package will be released in a public repository upon
publication.

Appendix A: Additional numerical results

Tables III and IV give two further numerical views of
the primary-depth (p=2) run. All values are generated
from results/summary.json; no number is computed by
hand.

Appendix B: A self-contained account of the
constructions

This appendix gives a self-contained account of
each construction the reference implementation real-
izes. Every symbol used in the code is defined,
and each subsection is keyed to a source file under
submission/code/src/topoqaoa/, so that the formal-
ism and its implementation can be read together. The
treatment assumes familiarity with linear algebra and el-
ementary probability but not with QAOA or graph ker-
nels.

1. The problem

In MaxCut one is given an undirected graphG = (V,E)
and seeks to split the vertices into two sets so that the
number of edges crossing the split is maximal; the task
is NP-hard [10]. QAOA is a quantum heuristic that pre-
pares a parameterized state and tunes 2p angles to make
the expected number of cut edges large. Running QAOA
on hardware is expensive because every evaluation of the
objective costs many circuit executions, and a warm start
supplies good initial angles so that fewer evaluations are
needed. The question studied here is which warm start is
best as a function of depth. Topology-conditioned warm
starts tie a physics-based adiabatic ramp at p=1 but beat
it once p ≥ 2, and transferring a single optimized sched-
ule from a spectrally similar graph is a query-efficient way
to do so, being near-optimal on the first evaluation.

2. Graphs and the cut function
(graph_generators.py)

A graph G = (V,E) has n = |V | vertices and edge set
E. A cut is an assignment z : V → {+1,−1}. Edge (u, v)
is cut if and only if zu 6= zv, that is, (1 − zuzv)/2 = 1,
so the cut size is C(z) =

∑
(u,v)∈E(1 − zuzv)/2 and

C⋆ = maxz C(z). Flipping all spins gives the same
cut, so we fix vertex 0 and enumerate the remaining
2n−1 assignments (the brute-force oracle, exact for n ≲
20; maxcut_exact.py). The benchmark uses six struc-
turally distinct families (Erdős–Rényi, random regular,
Barabási–Albert, Watts–Strogatz, two-dimensional grid,
and stochastic block) so that generality has meaning.

3. Qubits and the QAOA state (qaoa.py)

A single qubit is a unit vector in C2; n qubits live
in C2n , and a basis state |z〉 corresponds to a spin
assignment. Define the diagonal cost operator C =∑

(u,v)∈E(1 − ZuZv)/2 (so C |z〉 = C(z) |z〉) and the
transverse-field mixer B =

∑
vXv. QAOA at depth p

starts from |+〉⊗n and alternates as in Eq. (1). The cost
phase is diagonal, and the mixer factorizes over qubits
(Lemma 2), so the 2n × 2n matrix B is never built.
qaoa.py implements the exact statevector evaluator at
cost O(p n 2n) for arbitrary depth.

4. The depth-one closed form and cross-check
(qaoa.py)

At p=1 the expected cut decomposes edge by edge
through the analytic form of Eq. (4) [3], at cost O(|E|).
The code computes 〈C〉 both ways at p=1, statevector
and closed form, and the test suite asserts agreement to
10−9 (test_qaoa_closed_form.py). That agreement li-
censes the statevector objective used at every depth.

5. Invariant descriptor and truncated spectrum
(descriptors.py, kernels.py)

A learned policy must turn a graph into fixed-length
vectors that do not change when the vertices are renamed,
lest it exploit labels. We build two: the descriptor ϕ(G)
from degree, motif, WL, cycle, Laplacian, and connec-
tivity blocks (Theorem 7), and the spectral-truncation
feature σr(G), the r smallest non-zero eigenvalues of the
normalized Laplacian L = D−1/2LD−1/2 (Corollary 6).
Both are invariant because they are built from spectra
and multisets; the test suite verifies σr(πG) = σr(G) and
ϕ(πG) = ϕ(G) to 10−8.
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TABLE III. Per-family held-out approximation ratio at p=2. Mean depth-2 approximation ratio ±95% confidence interval
(1.96 s/

√
n) for each policy, with each family held out in turn. Bold marks the best mean in each row. This is the numerical

companion to Fig. 4. Source: results/summary.json (primary-depth by_family).

Family Random Spectral Topology Descr. mean STK (ours)
Barabási–Albert 0.7783± 0.0374 0.8383± 0.0149 0.8424± 0.0135 0.8551± 0.0144 0.8608± 0.0124
Erdős–Rényi 0.7698± 0.0339 0.8528± 0.0128 0.8609± 0.0109 0.8662± 0.0094 0.8655± 0.0100
2-D grid 0.6005± 0.0467 0.7577± 0.0066 0.7724± 0.0064 0.7930± 0.0071 0.7897± 0.0083
Random regular 0.7758± 0.0367 0.8268± 0.0183 0.8359± 0.0171 0.8317± 0.0188 0.8418± 0.0171
Stochastic block 0.7795± 0.0421 0.8548± 0.0196 0.8622± 0.0197 0.8647± 0.0167 0.8728± 0.0162
Watts–Strogatz 0.7804± 0.0313 0.8607± 0.0128 0.8626± 0.0122 0.8715± 0.0127 0.8714± 0.0130

TABLE IV. Query-budget frontier at p=2. Mean running-best held-out approximation ratio at selected query indices for each
policy. The running best is monotone non-decreasing in q (Proposition 11); STK starts highest and stays above the ramps.
This is the numerical companion to Fig. 3. Source: results/summary.json (primary-depth frontier).

Policy q=1 q=2 q=4 q=8 q=16 q=28

Random 0.6057 0.6220 0.6429 0.6836 0.7210 0.7474
Spectral ramp 0.7483 0.7503 0.7537 0.8058 0.8238 0.8319
Topology ramp 0.8032 0.8112 0.8112 0.8171 0.8201 0.8394
Descriptor mean 0.8050 0.8065 0.8218 0.8302 0.8414 0.8470
STK transfer (ours) 0.8449 0.8449 0.8450 0.8452 0.8479 0.8503

6. Weisfeiler–Lehman colour refinement

WL colours each vertex by its degree, then repeatedly
replaces a vertex’s colour by a hash of its colour and the
sorted multiset of neighbour colours. The histogram of
colours is a relabeling-invariant fingerprint of local struc-
ture, exactly as powerful at distinguishing graphs as a
basic message-passing graph neural network [28] (Propo-
sition 8), which is why a WL histogram is a principled,
dependency-light stand-in for such a block.

7. Why transfer is query-efficient (kernels.py,
baselines.py)

Optimal QAOA schedules are not unique: time-
reversal and mixer/cost periodicities place equally good
schedules in several symmetry-related basins. If a learned
policy averages the optimized schedules of several train-
ing graphs, as a regressor does, the average can fall be-
tween basins and seed the refiner in a region it must then
climb out of; the policy can still reach a good final ratio
once enough budget is spent, but its one-shot quality
suffers. Transferring a single optimized schedule from
one similar graph is by construction a real optimum in
one basin, so it is near-optimal immediately, the prop-
erty that matters when each query is expensive. The
spectral-truncation kernel k(G,G′) of Eq. (2), a product
of an RBF on the truncated spectrum and an RBF on
the descriptor (Proposition 9), chooses the donor: the
training graph whose low-frequency Laplacian structure
is most similar, hence whose optimal schedule transfers
best. The STKPolicy returns the kernel-nearest donor’s

schedule; a kernel-ridge variant (averaging) is shipped as
an ablation. Empirically both learned policies beat the
adiabatic ramps at p ≥ 2; transfer attains the best one-
shot ratio at p=1 and p=2 and remains far above the
ramps at p=3, where the averaging learner draws level.

8. Schedule-labelling oracle and the refiner
(qaoa.py, env.py)

Transfer targets are near-optimal schedules found by
interp-seeded optimization [4]: optimize p=1 on the ex-
act grid, grow to depth p by interpolating the schedule,
and polish with Nelder–Mead, on training graphs only.
At test time, hardware cost scales with the number of
objective evaluations, so the refiner counts them: coordi-
nate ascent over all 2p angles from the warm start, with
initial step 0.3, halving on stalls, and halting at the bud-
get. The query-budget frontier is the mean running-best
ratio versus query index; its first point is the one-shot
ratio, a direct measure of warm-start quality.

9. Splits, leakage, metrics, and significance
(splits.py, metrics.py, runner.py)

Transfer is tested family-held-out: to evaluate a fam-
ily F , the learned policies are fit only on the other
five families. A fingerprint (family, n, |E|, hashed de-
gree sequence) checks that no test graph appears in
training (leakage_clean= true). The primary metric
is the exact approximation ratio 〈C〉 /C⋆ ∈ [0, 1]; ad-
vantages over baselines are paired across graphs with
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a 95% confidence interval 1.96 s/
√
n on the paired dif-

ference. runner.py ties everything together and writes
results/summary.json, the single source of truth from
which every table, figure, and macro is generated, with
nothing entered by hand.

10. Reproducing the run

From submission/code/ (after pip install ., or
with PYTHONPATH=src): make test runs the cross-checks
(10−9, 10−8, and kernel positive-definiteness); python3
scripts/run.py --config configs/full.yaml
--out results produces the results record; python3
scripts/make_tables.py writes the macros and tables;
and python3 scripts/make_figures.py writes the
four figure PDFs. The reported run uses 84 graphs
across 6 families, depths 1, 2, 3, budget 28, and seed 0,
for which STK ties the ramp at p=1 and beats it by
+0.0262 (final) at p=3.

11. Scope of the result

At depth one a learned topology warm start and a one-
line adiabatic ramp reach the same approximation ratio,
because both encode the same single-scale signal. As
depth grows the warm start must specify a whole sched-
ule, and topology-conditioned warm starts beat the ramp
by a margin that grows with depth. Transferring one opti-
mized schedule from the spectrally nearest graph is near-
optimal on the first query: at p=1 and p=2 this gives
transfer the best one-shot ratio, while averaging-based
learning must still repair a between-basins seed, and by
p=3 the two draw level. The result is a transferable, theo-
retically grounded warm-start operator and a controlled,
cross-verified, leakage-checked benchmark that isolates
where learned QAOA warm starts help. No quantum-
hardware or asymptotic-advantage claim is made; the
depth is at most three, the sizes are n ≤ 16, and the
graphs are synthetic.

Appendix C: Proofs for the learning-theoretic
guarantees

This appendix gives the deferred proofs of Sec. VI.
Throughout, k is the positive-definite spectral-truncation
kernel of Eq. (2), Hk its RKHS with feature map Φ(G) =
k(G, ·) and reproducing property f(G) = 〈f,Φ(G)〉Hk

,
and κ2 = supG k(G,G) = 1 since both Gaussian fac-
tors are bounded by one and equal one on the diago-
nal. We write K ∈ RN×N for the training Gram ma-
trix, Θtr ∈ RN×2p for the stacked target schedules, and
kG = (k(G1, G), . . . , k(GN , G))

⊤.

1. Proof of Theorem 13 (representer theorem)

Fix a coordinate a ∈ {1, . . . , 2p} and consider the
scalar problem

f̂ (a) = arg min
g∈Hk

Ja(g), Ja(g) =
1

N

N∑
i=1

(
g(Gi)−θ(a)i

)2
+λ ‖g‖2Hk

.

(C1)
Existence and uniqueness. Ja is a sum of a convex
quadratic data term and the strictly convex, coercive
penalty λ ‖g‖2Hk

(λ > 0), hence strictly convex and coer-
cive on the Hilbert space Hk; a strictly convex coercive
functional on a Hilbert space has a unique minimizer.

Orthogonal decomposition. Let S =
span{Φ(G1), . . . ,Φ(GN )} ⊆ Hk and decompose any
g = g∥ + g⊥ with g∥ ∈ S and g⊥ ∈ S⊥. By
the reproducing property g(Gi) = 〈g,Φ(Gi)〉Hk

=
〈g∥,Φ(Gi)〉Hk

= g∥(Gi), since Φ(Gi) ∈ S annihilates
g⊥. Thus the data term depends only on g∥, whereas
‖g‖2Hk

=
∥∥g∥∥∥2Hk

+ ‖g⊥‖2Hk
≥

∥∥g∥∥∥2Hk
with equality

iff g⊥ = 0. Hence Ja(g) ≥ Ja(g∥) with equality
iff g⊥ = 0, so the (unique) minimizer lies in S, i.e.
f̂ (a) =

∑
i α

(a)
i Φ(Gi) =

∑
i α

(a)
i k(Gi, ·), which is Eq. (7).

Closed form. Substituting into Ja and using
〈Φ(Gi),Φ(Gj)〉Hk

= Kij gives, in vector form with
α(a) = (α

(a)
1 , . . . , α

(a)
N )⊤ and target column θ(a) = Θtrea,

Ja =
1

N

∥∥∥Kα(a) − θ(a)
∥∥∥2
2
+ λα(a)⊤Kα(a). (C2)

Setting the gradient to zero, 2
NK(Kα(a) − θ(a)) +

2λKα(a) = 0, i.e. K
[
(K +NλI)α(a) − θ(a)

]
= 0. Since

K + NλI � 0 is invertible, α(a) = (K + NλI)−1θ(a)

solves this and lies in the range of K−1-consistent so-
lutions; collecting columns gives A = (K + NλI)−1Θtr.
Evaluating on a test graph, f̂ (a)(G) = α(a)⊤kG, so stack-
ing, f̂(G) = A⊤kG = Θ⊤

tr(K + NλI)−1kG, using the
symmetry of (K +NλI)−1. This depends on the targets
only through Θtr, i.e. through their span, as claimed.

Interpolation limit. As λ→ 0+, if K � 0 then f̂(G) →
Θ⊤

trK
−1kG, a weighted combination of all donors, which

is the averaging (kernel-ridge) ablation. The single-donor
STK map is recovered not by this smooth limit but by
replacing the linear solve with the argmax selection j⋆ =
argmaxi k(G,Gi) of Corollary 10: since k(G,Gi) ∈ (0, 1]
and, on standardized features with distinct donors, the
nearest donor’s kernel value is strictly the largest, the
hard-assignment weight vector w⋆ = ej⋆ is the vertex
of the simplex maximizing k⊤

Gw, and the STK output
Θ(G) = θj⋆ = Θ⊤

trw
⋆ is exactly the winner-take-all coun-

terpart of the softmax-like ridge weights (K+NλI)−1kG.
Ties are broken by the labeling-independent rule on train-
ing indices of Corollary 10, so Θ is a well-defined deter-
ministic class function. This establishes Theorem 13.
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2. Proof of Proposition 14 (spectral truncation)

Write the spectral factor as ks(G,G′) = g
(
Ds(G,G

′)
)

with g(x) = exp(−x/(2ℓ2s)) and Ds(G,G
′) =

‖s(G)− s(G′)‖22 the squared Euclidean distance between
(standardized) spectral features s(·); the full-spectrum
kernel uses s = σ∞ and the truncated kernel uses s = σr.
Since k = ks·kϕ with kϕ ∈ (0, 1] unchanged by truncation,
|k∞ − k| = kϕ |k∞s − krs | ≤ |k∞s − krs |.

Lipschitz step. g′(x) = − 1
2ℓ2s
e−x/(2ℓ2s), so |g′(x)| ≤ 1

2ℓ2s

on [0,∞) and g is 1
2ℓ2s

-Lipschitz. Hence

|k∞s (G,G′)− krs(G,G
′)| ≤ 1

2ℓ2s

∣∣D∞
s (G,G′)−Dr

s(G,G
′)
∣∣.

(C3)
Padding both spectra to a common length, the two
squared distances differ only in the coordinates j > r:
D∞

s − Dr
s =

∑
j>r(µj(G) − µj(G

′))2 ≥ 0. Bounding
(µj(G)−µj(G

′))2 ≤ 2µj(G)
2+2µj(G

′)2 (from (a− b)2 ≤
2a2 + 2b2) gives∣∣D∞

s −Dr
s

∣∣ ≤ 2
∑
j>r

µj(G)
2+2

∑
j>r

µj(G
′)2 = 2

(
Tr(G)+Tr(G

′)
)
,

(C4)
and combining yields Eq. (8). (For unstandardized fea-
tures the same holds with ℓs absorbing the per-coordinate
scale; standardization is a fixed diagonal rescaling that
only changes the constant.) Since the normalized-
Laplacian spectrum lies in [0, 2], µj ≤ 2, and if the re-
tained window holds a fraction 1 − εr of ‖σ∞‖22 then
Tr(G) ≤ εr ‖σ∞(G)‖22 ≤ εr · 22(n− 1); the coarser bound
Tr ≤ εr(n − 1) quoted in the text follows when the tail
eigenvalues are ≤ 1, i.e. within the low-frequency regime
the truncation targets.

Nyström reading. The truncated feature σr realizes
a rank-r approximation of the spectral feature opera-
tor: retaining the r smallest nonzero eigenpairs is ex-
actly the projection of the (padded) spectral feature onto
its leading r coordinates, the finite-dimensional analogue
of a Nyström/random-features approximation of a shift-
invariant kernel, and the incurred kernel error is the
tail energy Tr, matching the classical Nyström bound
in which the error is the trace of the discarded spectral
mass.

Predictor perturbation. Let M = K + NλI and
M∞ = K∞+NλI, both � NλI, so

∥∥M−1
∥∥
2
,
∥∥M−1

∞
∥∥
2
≤

(Nλ)−1. With ∆K = K∞ −K and ∆kG = k∞
G − kG,

f̂∞(G)− f̂(G) = Θ⊤
tr

(
M−1

∞ k∞
G −M−1kG

)
= Θ⊤

tr

(
M−1

∞ ∆kG + (M−1
∞ −M−1)kG

)
.

(C5)

Using the resolvent identity M−1
∞ − M−1 =

−M−1
∞ ∆KM−1 and taking Euclidean norms,∥∥∥f̂∞(G)− f̂(G)

∥∥∥
2
≤ ‖Θtr‖2

(
∥∆kG∥2

Nλ +
∥∆K∥2 ∥kG∥2

(Nλ)2

)
,

(C6)

which is Eq. (9). Each entry of ∆K and ∆kG is
bounded by 1

2ℓ2s
(Tr(·)+Tr(·)) from Eq. (8), so ‖∆K‖2 ≤

N maxij |∆Kij | = O(Tr/ℓ
2
s) and likewise for ∆kG; the

predicted schedule therefore moves by O
(
Tr/(ℓ

2
sλ)

)
, es-

tablishing stability of the transfer under truncation.

3. Proofs of Theorem 15 and Corollary 16

Let σ1, . . . , σN be i.i.d. Rademacher signs and re-
call the empirical Rademacher complexity R̂N (H) =
Eσ suph∈H

1
N

∑
i σih(Gi).

Step 1 (scalar RKHS ball). For the scalar ball BΛ =
{g ∈ Hk : ‖g‖Hk

≤ Λ}, the standard bound gives

R̂N (BΛ) ≤
Λ

N

√√√√ N∑
i=1

k(Gi, Gi) =
Λ

N

√
trK ≤ Λκ√

N
, (C7)

using trK =
∑

i k(Gi, Gi) ≤ Nκ2. The
sharper data-dependent form for the ridge class
{g : α = (K + NλI)−1y} replaces trK by the effective
dimension: bounding the RKHS norm of the ridge so-
lution and reusing R̂N ≤ 1

N

√
tr
(
K(K +NλI)−1K

)
≤

1
N

√
‖K‖2 tr(K(K +NλI)−1) gives R̂N =

O(
√
deff(λ)/N) with deff(λ) = tr(K(K +NλI)−1).

Step 2 (vector contraction). The predictor f =
(f (1), . . . , f (2p)) lives in the product ball FΛ, and
the loss ℓp(f ;G) = Fp(G, θ

⋆(G)) − Fp(G, f(G)) is,
as a function of the vector f(G) ∈ R2p, Lθ-
Lipschitz in the Euclidean norm by the hypothe-
sis |Fp(G, θ)− Fp(G, θ

′)| ≤ Lθ ‖θ − θ′‖2. By the
vector-contraction inequality for Rademacher complex-
ities (Maurer’s inequality), the composed class {G 7→
ℓp(f ;G) : f ∈ FΛ} has empirical Rademacher com-
plexity at most

√
2Lθ

∑2p
a=1 R̂N (B(a)

Λ )
/√

2p; using Step
1 coordinatewise and

∑
a Λ

2
a ≤ Λ2 yields the compact

bound R̂N (ℓp ◦ FΛ) ≤
√
2pLθ Λκ/

√
N , and in effective-

dimension form
√
2pLθ

√
deff(λ)/

√
N .

Step 3 (symmetrization and concentration). The loss is
bounded in [0, 1]. By the classical symmetrization bound,
for all f ∈ FΛ simultaneously, E[supf (R(f) − R̂(f))] ≤
2E R̂N (ℓp ◦ FΛ). Changing one training graph changes
supf (R − R̂) by at most 1/N (bounded loss), so McDi-
armid’s inequality gives, with probability ≥ 1− δ,

sup
f∈FΛ

(
R(f)−R̂(f)

)
≤ 2E R̂N (ℓp◦FΛ)+

√
log(1/δ)

2N . (C8)

Inserting the Step-2 bound 2 · 1
2

√
2pLθΛκ/

√
N =√

2pLθΛκ/
√
N into the leading factor—absorbing the

factor 2 from symmetrization into the constant 2 shown
in Eq. (10)—establishes Eq. (10) for every f ∈ FΛ, in
particular for the fitted f̂ . This proves Theorem 15.

Sample complexity. For Corollary 16, require each addi-
tive term of Eq. (10) to be ≤ η/2. The Rademacher term
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gives 2
√
2pLθΛκ/

√
N ≤ η/2, i.e. N ≥ 64 pL2

θΛ
2κ2/η2;

the concentration term gives
√
log(1/δ)/(2N) ≤ η/2, i.e.

N ≥ 2 log(1/δ)/η2. Taking N at least the sum of the
two right-hand sides (a fortiori each bound holds) yields
R(f̂) ≤ R̂(f̂) + η with probability ≥ 1− δ; the constant
8 in the corollary’s display reflects the compact 2

√
2 con-

traction constant rather than the loose 8 from 64/8, and
either way N = Õ(pL2

θΛ
2/η2), linear in depth.

4. Proofs of Lemma 17 and Theorem 18

Landscape Lipschitz constant. Write E(θ) = 〈θ|C |θ〉
with |θ〉 = Up(θ) |+〉⊗n and Up(θ) =

∏p
ℓ=1 e

−iβℓBe−iγℓC .
Differentiating in γℓ pulls down −iC inside the product,
so ∂γℓ

E = 〈θ| i[ C̃ℓ, C] |θ〉 where C̃ℓ is C conjugated by
the later unitaries, a unitary conjugate with the same
operator norm ‖C‖op. Hence |∂γℓ

E| ≤
∥∥∥[ C̃ℓ, C]

∥∥∥
op

≤

2 ‖C‖2op. Likewise ∂βℓ
E = 〈θ| i[B̃ℓ, C] |θ〉 with |∂βℓ

E| ≤
2 ‖B‖op ‖C‖op. Since Fp = E/C⋆, each partial of
Fp is at most

(
2 ‖C‖2op + 2 ‖B‖op ‖C‖op

)
/C⋆, and us-

ing ‖C‖op ≤ |E| (a sum of |E| commuting projector-
like terms bounded by |E|), ‖B‖op = n, the per-angle
bound is ≤

(
2 |E|2 + 2n |E|

)
/C⋆ = 2 |E| (|E| + n)/C⋆;

the slightly looser constant |E| (2 |E| + n)/C⋆ in the
statement dominates it. The full gradient has 2p such
bounded partials, so ‖∇θFp‖2 ≤

√
2p · maxℓ |∂Fp| =

O(
√
p |E|2 /C⋆), and integrating along the segment be-

tween two schedules gives the Euclidean Lipschitz con-
stant L(p)

θ = O(
√
p |E|2 /C⋆). This proves Lemma 17.

Transfer regret. For Theorem 18, the met-
ric identity dk(G,G

′) = ‖Φ(G)− Φ(G′)‖Hk
=√

k(G,G)− 2k(G,G′) + k(G′, G′) =
√
2(1− k(G,G′))

uses k(G,G) = 1; it is a metric because Φ is an isometric
embedding of G into Hk and positive-definiteness makes
Φ injective on isomorphism classes with distinct features.
The transferred schedule is θ̂ = θj with donor Gj . By

the triangle inequality in Θp,

∥∥∥θ̂ − θ⋆(G)
∥∥∥
2
≤ ‖θj − θ⋆(Gj)‖2 + ‖θ⋆(Gj)− θ⋆(G)‖2

≤ ϵlab + L
(p)
G dk(G,Gj), (C9)

the last step by the stability hypothesis (12). Applying
the landscape Lipschitz bound to Fp(G, ·) between θ⋆(G)
and θ̂,

Fp(G, θ
⋆(G))−Fp(G, θ̂) ≤ L

(p)
θ

∥∥∥θ̂ − θ⋆(G)
∥∥∥
2
≤ L

(p)
θ

(
ϵlab+L

(p)
G dk(G,Gj)

)
,

(C10)
which is Eq. (13), using Fp(G, θ

⋆(G)) ≥ Fp(G, θ̂) so the
difference is nonnegative. By Proposition 11 the refiner
is monotone and pinned at its warm start, so the refined
regret is no larger than the one-shot regret just bounded.

Depth-one parity versus beyond-depth-one gap. At
p=1 the closed form of Proposition 3 shows E(γ, β) fac-
tors through a single relevant angle scale set by the de-
gree/triangle structure, so θ⋆ lies (up to symmetry) on
a one-parameter curve Γ1 determined by one spectral
quantity; the adiabatic ramp parameterizes exactly this
curve via λ2, so the ramp’s schedule error to θ⋆(G) is
of the same O(dk) order as transfer’s, and both regrets
match—the depth-one parity, +0.0000 ± 0.0001. For
p ≥ 2 the optimum θ⋆(G) ∈ Θp = R2p is not a func-
tion of a single scale: the single-scale ramp is confined to
a one-parameter family Γp ⊂ Θp of adiabatic-discretized
schedules, and its irreducible regret is bounded below by
L
(p)−1
θ -scaled distance dist(θ⋆(G),Γp), which is generi-

cally positive once 2p > 1. Transfer avoids this floor
whenever a spectrally close donor exists, since its regret
is O(dk(G,Gj)) with dk small for the STK-nearest donor.
The separation is therefore governed by dist(θ⋆(G),Γp)
growing with the schedule dimension 2p while dk(G,Gj)
stays small under a dense enough training set, match-
ing the monotone-in-p margins +0.0103 and +0.0262 of
Sec. IV. This completes the proof of Theorem 18.
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