Operator-Spectral Truncated Priors for Query-Efficient QAOA Parameter Search

Molena Huynh':*

! North Carolina State University, Raleigh, North Carolina 27695, USA
(Dated: June 29, 2026)

We introduce OST-QAOA, a method that searches in operator space rather than raw parameter-
vector space to overcome the true bottleneck of low-depth QAOA: the objective queries available
to tune angles on each new graph. It maps each graph to a truncated symmetric operator on the
2p-dimensional angle space, built from two noncommuting graph-derived generators, and converts
its low-rank spectral decomposition into ranked collective search directions for a deterministic,
auditable query policy. We prove the prior covariance is positive definite, truncation is Loewner-
monotone, the construction reduces to per-angle coordinate refinement in its commutative limit,
and truncation caps the effective search dimension; a validated scaling argument links truncation
to query cost. On exact-statevector MaxCut over four graph families, a ten-seed study (160 paired
held-out instances) beats a budget-matched TQA baseline by 4+0.107 £ 0.011 mean approximation
ratio (157/160 wins) and reaches 98% of the best ratio in 10.5 queries against 24.7, a 2.4 X reduction;
at the reference point (p=3, rank 4, weight 4.0) it reaches 0.820 +0.019, +0.112 over baseline (sign-
test p < 107*). A truncation sweep shows the predicted interior optimum, and an ablation localizes
the gain to noncommutative directions (—0.010 when restricted to diagonal ones). Shipping as the
package ug-qaoa, where changing depth, budget, rank, weight, seed, or graph family regenerates
every figure and query trace, the method is a reproducible operator-valued prior for query-efficient

variational search on graphs.

I. INTRODUCTION

Many combinatorial graph-optimization problems—
including instances arising in biomedical settings
such as pathway-subset selection and patient-similarity
partitioning—can be cast as graph objectives, with Max-
Cut a canonical example of the broad class of NP-
hard problems admitting Ising formulations [1, 2], classi-
cally approached by the Goemans—Williamson semidef-
inite relaxation [3]. QAOA [4, 5] provides a vari-
ational quantum template for them, with MaxCut
its canonical benchmark [6-8] and one instance of
the broader variational-quantum-algorithm paradigm [9].
The alternating-operator structure generalizes beyond
the original mixer [10], admits a fermionic analysis on
MaxCut [11], and is itself computationally universal [12];
see [13] for a survey. In the noisy intermediate-scale
regime [14], however, practical use is gated less by the
circuit than by the classical policy that decides how to
spend a small budget of expensive objective evaluations
on each new instance—a classical optimization that is it-
self NP-hard in general [15] and sensitive to the choice of
optimizer on noisy objectives [16-18]. A good warm-start
point alone is not enough: under a fixed query budget
the optimizer also needs to know which angle directions
deserve exploration.

A large body of work shows that good QAOA angles
transfer across instances. Objective values concentrate
for fixed parameters on typical instances [19, 20], optimal
parameters concentrate with system size [21], and pa-
rameters trained on one graph transfer to others [22, 23],
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an ingredient even in recent demonstrations of scaling
advantage on hardware [24-26]. Trotterized—annealing
(TQA) schedules supply strong instance-independent
initializations [27], reflecting the adiabatic and quantum-
annealing roots of the ansatz [28, 29]. Related warm-start
and learned-initialization strategies start the optimizer
from a relaxation solution [30], a graph-neural-network
prediction [31], or a meta-learned policy [32]. These
results motivate transferring structure between graphs;
what they do not specify is a budgeted search geometry—
the directions, and their relative scales, along which a few
queries should be spent once a warm start is in hand.

The central idea of this work is to learn and search
in operator space rather than only in parameter-vector
space. For a graph G, OST-QAOA constructs two
2p X 2p symmetric operators from the graph Laplacian
spectrum, degree moments, and topology features. Their
noncommuting product defines a commutator energy,
and a truncated spectral decomposition of the resulting
angle operator gives a low-rank covariance. The covari-
ance is not used as a passive uncertainty estimate; it
becomes the ranked list of search directions evaluated by
a deterministic query policy that can be audited line by
line.

This is motivated by, but distinct from, the spectral-
truncation kernel framework of Hashimoto et al. [33],
in which truncation of positive-definite C*-algebraic ker-
nels controls noncommutativity and trades representa-
tion power against model complexity. Here the out-
put is not a supervised vector-valued regression kernel.
It is a graph-conditioned prior over QAOA angles, to-
gether with a deterministic objective-query policy. We
adopt the design idea—finite-rank noncommutativity as
a tractable way to encode interaction—and ask what
it buys in the operational currency that limits near-
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term QAOA, namely the number of objective queries.
The same kernel/feature-space viewpoint underlies quan-
tum machine learning [34], and using machine-learned
structure to guide combinatorial search is a broader
theme [35]; the prospect of a quantum advantage from
low-depth QAOA [36] makes the query cost of tuning it
the decisive near-term quantity.

a. Scope. To keep every reported number exactly re-
producible on a CPU, all experiments use small exact
statevectors (n < 10) and brute-force MaxCut optima
on standard synthetic graph families. This is a methods
study of a search policy, not a claim of hardware-scale
or domain (e.g. biomedical) deployment; section X states
the limitations and the path to scale.

This paper makes four contributions. First, OST-
QAOA constructs a truncated, noncommuting operator
on QAOA angle space, rather than a scalar graph fea-
ture or a diagonal uncertainty vector, from two graph-
derived generators Ag, Bg that do not commute, and
spectrally truncates it to a rank-n covariance. Second,
the off-diagonal structure of the operator covariance is
used operationally: the query policy probes the collective
eigendirections of ¥ rather than the raw angle coordi-
nates, and restricting the search to the diagonal (commu-
tative) directions removes a measurable part of the ad-
vantage (—0.010 mean ratio, section VIITA). Third, we
establish a query-budget truncation tradeoff with theory
and a stated assumption: we prove that the truncated
prior is positive definite and Loewner-monotone, that
it reduces exactly to the commutative diagonal prior in
the n — 1 limit, and that truncation caps the prior’s
effective dimension deg(n) (sections IIT and IV); under
an explicitly stated coverage model we give a heuristic
scaling argument relating deg(n) to objective-query cost,
and the predicted interior optimum n* is then observed
empirically (fig. 3). Fourth, the artifact is reproducible
and installable with a multi-seed evaluation: every fig-
ure, table, CSV, and query trace is regenerated by the
package from a single seed, and the headline advantage is
shown to hold across ten seeds (+0.107 £ 0.011, 157/160
instance wins; fig. 4). The package installs with pip
install . from submission/code and exposes both a
CLI (ugqaoa-reproduce) and a Python API for retuning
every experimental parameter.

This work continues a single-author program on spec-
tral truncation of operators for query-efficient quantum
optimization. Earlier entries develop graph-conditioned
trust regions for query-efficient and uncertainty-
calibrated QAOA [37-39], the measurement cost of
warm-started low-depth QAOA and certified query bud-
gets [40, 41], and topology-conditioned parameter trans-
fer for budgeted graph optimization [42, 43]. The com-
mon thread is to fix a small objective-query budget and
decide, from graph structure, where those queries are
spent. Here we move that decision from a scalar trust
region or a transferred point into a truncated, noncom-
muting operator on the full angle space, so the search ge-
ometry itself is conditioned on the graph and the trunca-

tion rank sets the number of collective directions probed.

II. PRELIMINARIES
A. QAOA and the angle-space objective

Let G = (V, E) be an undirected graph with n = |V|.
The MaxCut Hamiltonian is

> m

(i,4)€EE

Hc(G) =

At depth p, the QAOA parameter vector is 6 =

(Y15 -3 Yps B1y -+, Bp) € [0,7)?P, and with mixer Hy =
>-; X the state and objective are
p . .
(@) = [[emPemnetiet@lyen, ()
=1
fa(0) = (Ya(0)|Ho(G)|ha(0)). (3)

We report the approximation ratio rg(0) = fa(6)/Cg,
where U, is computed exactly by brute force for the small
audit graphs used here. An algorithm receives a fixed
query budget @, where one query is one exact evaluation
of f(0); each method is measured by the best ratio found
within the same ). This query model is deliberately
simple: it isolates the angle-search policy from finite-shot
readout and hardware noise, which section X discusses as
the next experimental layer. The 2p-dimensional angle
space [0, 7]?P plays the role that the data function domain
plays for an operator-valued kernel: it is the space on
which our operators act.

B. Spectral truncation on the angle operator

Spectral truncation replaces an operator by the part
of its spectrum carried by its leading directions. Given
a symmetric operator O on angle space with eigende-
composition @ = UAUT, retaining the r leading eigen-
pairs and clipping their eigenvalues to be nonnegative
yields a rank-r positive-semidefinite operator. In the C*-
algebraic setting this is the truncation operation con-
trolled by a parameter that interpolates between com-
mutative and noncommutative products [33]; here it is
the truncation of the angle operator that we construct in
section III.

Definition 1 (Spectral truncation on angle space). Let
Og = UAUT. For truncation rank r, define Og,, =
UTATU;'-, where U, contains the r leading eigenvectors
after nonnegative clipping of the corresponding eigenval-
ues.

The truncation parameter r is analogous in spirit to
spectral truncation in C*-algebraic kernels [33], but here
it controls the number of QAOA angle directions that
can be emphasized by the search covariance.



C. Existing angle-search priors

Existing classical policies for low-depth QAOA sit at
two extremes, mirroring the separable and commutative
ends of operator-valued kernels. A fized-schedule prior
such as the TQA schedule [27] supplies one global an-
gle vector independent of the graph—the analogue of a
separable kernel that ignores interactions across the do-
main. A diagonal prior, whether a per-coordinate un-
certainty vector or a feature-neighbour (kNN) posterior
built from transfer [22, 23], refines each angle coordi-
nate independently—the analogue of a commutative ker-
nel that captures only pointwise structure. Neither em-
phasizes collective, off-coordinate angle directions. Ta-
ble I summarizes these priors and the proposed one along
the properties that distinguish them: whether a graph-
derived operator is used, whether its generators are non-
commuting, whether the search probes off-diagonal (col-
lective) directions, and whether the queries are ranked.

III. OPERATOR-SPECTRAL TRUNCATED
PRIOR ON QAOA ANGLE SPACE

For graph G, let \; denote normalized Laplacian eigen-
values and let d; denote centered degree values; these
spectral quantities are the classical descriptors of graph
structure in spectral graph theory [44, 45]. Define two
symmetric angle-space operators,

Ag = Toeplitz(0.70 my + 0.30 6(G)) , (4)
Bg = sym{[roll Toeplitz(0.55 mq + 0.45 ¢(G)rev)],  (5)

where m) and my are spectral and degree moments of
length 2p, and ¢(G) is the normalized graph descriptor
used by the package. The operator Ag carries global
spectral information and Bg carries local degree infor-
mation; they are designed not to commute, so that
Ce = [Ag,Bg] = AcBg — BagAg # 0 in general, en-
coding local/global structure that no single symmetric
generator captures. The final raw angle operator is

O = sym(0.55A¢ + 0.45B¢ + wCiCq),  (6)

with w = 4.0 at the reference operating point, and is
then spectrally truncated to Og,, by definition 1. The
mixing weights are fixed package defaults, held constant
across all experiments; the only swept design parame-
ters are the truncation rank and the commutator weight
w. Figure 1 gives an overview of this construction on a
held-out graph: the truncated noncommuting operator,
its retained spectrum, and the resulting collective search
widths.

A. Connection between the proposed prior and
existing priors

The truncation rank and the commutator weight inter-
polate between the proposed prior and the existing priors

of section IIC.

Proposition 1 (Commutative limit recovers the di-
agonal prior). The commutator weight w parameter-

izes moncommutativity: at w = 0 the raw operator
O¢ = sym(0.55 Ag + 0.45B¢) drops the commutator
Ce = [Ag,Bg| entirely; and restricting X to its di-

agonal makes the eigenframe V the coordinate axes, in
which case the search of section V reduces exactly to per-
angle coordinate refinement. The commutator-off and
diagonal-covariance variants of section VIII are there-
fore the commutative special cases of OST-QAOA, and
any gap between them and the full method measures the
operational value of the noncommutative geometry.

Thus the fixed-schedule and diagonal priors of table I
are recovered as the n — 1 and w — 0 degenerations of
the proposed construction, exactly as separable and com-
mutative kernels are recovered as limits of the spectral-
truncation kernel [33].

B. Convergence and interactions

As the truncation rank grows, the truncated operator
converges monotonically to the positive-semidefinite part
of the full operator, and the number of angle directions
it activates—its effective dimension—grows accordingly.
This is the operator analogue of how the truncation pa-
rameter of a spectral-truncation kernel controls the bal-
ance of local and global interactions.

Proposition 2 (Monotone spectral truncation). Order
the clipped eigenvalues of Og as o1 > -+ > 09, >
0. Then truncation is Loewner-monotone in the rank,
Oc,r =2 Og r41 for every r, with tr Og,, = ngr o; and
Og,2p the PSD part of Og. The truncation parameter
therefore interpolates between a one-direction prior (r=1)
and the full operator prior (r=2p).

Proof. Og,r41 — Og,r = Ory1trgru) ;) = 0 since opqq >
0; the trace identity follows from orthonormality of the
Uj. O

Definition 2 (Effective search dimension). For a PSD
covariance X with eigenvalues \y > -+ > Ay, the ef-
fective dimension is the participation ratio deg(X) =
(>, 2j)?/ PP A3 € [1,d]: the number of directions carry-
ing comparable variance.

Proposition 3 (Truncation reduces effective dimen-
sion). In the operator-dominated regime  — 1 of eq. (10)
(up to the e-floor), des(Xa) < r+O(e), because Og , has
at most r nonzero eigenvalues. Spectral truncation thus
caps the number of collective angle directions the query
policy explores; fig. 2 shows deg increasing monotonically
with 7.

Figure 2 traces d.g as the truncation parameter n
grows: it increases monotonically and then saturates



TABLE I. Summary of the existing and the proposed angle-search priors. The proposed OST-QAQOA prior is the only one
that builds a graph-derived operator from noncommuting generators and searches its off-diagonal collective directions under a
ranked query budget; the diagonal and fixed-schedule priors are its commutative and separable special cases (proposition 1).

Graph operator Noncommuting Off-diagonal Query-

Prior / policy used generators search ranked
Random — X X X
TQA fixed schedule X X X
TQA+coordinate fixed schedule X X v
kNN+-coordinate graph features X X v
OST diagonal Og,r (diagonal) v X v
OST-QAOA (proposed) Og,, (full) v v v

er, n =10: commutator norm = 0.133, effective rank =1.76

(a) truncated noncommutative operator

(b) operator spectrum

(c) collective search widths
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FIG. 1. Overview of the construction of the operator-spectral truncated prior Og,. = U,A,U,. A held-out graph G is mapped
to (a) the truncated noncommuting angle operator Oc ., whose (b) spectrum is truncated at rank r = n (here n = 4), giving

(c) the collective search widths (directional variances) that the

as the truncated operator concentrates on a few collec-
tive directions, well below the no-concentration reference
degf = m, instantiating proposition 3.

C. Positive definiteness

The construction yields a valid search frame: the
prior covariance assembled from the truncated opera-
tor (eq. (10) below) is symmetric positive definite, so its
eigendecomposition is an orthonormal basis with strictly
positive directional variances.

Proposition 4 (Positive definiteness and a valid search
frame). For any floor € > 0, commutator weight w > 0,
and operator weight 8 > 0, the matriz Xg in eq. (10)
is symmetric positive definite. Hence its eigendecompo-
sition g = VAV yields an orthonormal frame V with
strictly positive directional variances \;, so the query pol-
icy of section V is well defined.

Proof. The neighbour scatter is a nonnegative combina-
tion of rank-one PSD terms and is PSD; the truncated
operator Og , = UTATUTT is PSD by the nonnegative clip-
ping of definition 1; and e/ > 0. A sum of PSD matrices
with a strictly positive-definite summand is positive def-
inite; symmetry is explicit. O

query policy probes.

IV. QUERY-BUDGET BOUND

Where the spectral-truncation kernel comes with a sta-
tistical generalization bound, the operator-spectral prior
comes with an operational statement: the truncation pa-
rameter controls the number of objective queries needed
to reach a target ratio, through the effective dimension
of definition 2. In contrast to the exact propositions 2
to 4, this statement is not a theorem: it rests on a cov-
erage assumption we make explicit, and we present it as
a scaling heuristic to be checked against the data, not as
a proved bound.

Assumption 1 (Coverage model). Write m(r) € [0, 1]
for the fraction of the trust region’s e-optimal mass cap-
tured by the leading r operator directions, and assume (%)
m(r) is nondecreasing in r, and (i) the refinement of sec-
tion V reaches the e-optimal subset once it has probed a
number of collective directions proportional to deﬁ(Zg)),
provided those directions retain the e-optimal mass.

Remark 1 (Query-budget scaling under assumption 1;
heuristic). Under assumption 1, the expected queries to
reach a target ratio 7 scale as

_ cden(3E)
~ o om(r)

E[Qa(7)] (7)
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FIG. 2. Convergence and interactions. Effective search di-
mension deg(E(G")) versus the truncation parameter n: as n
grows the truncated operator Og , converges to the full op-
erator (proposition 2) and deg rises monotonically toward a
saturated value below the no-concentration reference deg = n
(dashed), the operator analogue of how a Féjer-type trun-
cation controls the local/global interactions of the prior; n*
marks the sweep optimum of section VIII.

for a constant ¢ independent of r. The numerator de-
creases with truncation (proposition 3) while m(r) is non-
decreasing; the minimizer r* is therefore interior when-
ever aggressive truncation sheds near-optimal mass faster
than it concentrates the search. This is the query-budget
analogue of the representation-versus-complexity tradeoff
of spectral-truncation kernels [33]: there the truncation
parameter trades approximation against generalization;
here it trades near-optimal coverage against the num-
ber of objective queries. We emphasize that eq. (7) is
a scaling statement under assumption 1, with no sharp
constant, and we treat its prediction—an interior r*—as
a hypothesis to be tested.

The prediction of remark 1 is instantiated in table II
(mean queries-to-target Qg.og) and in the truncation
sweep of section VIII (figs. 2 and 3), where the effective
dimension rises monotonically with n and the observed
interior optimum 7*=4 appears.

V. QUERY-EFFICIENT ANGLE SEARCH WITH
THE TRUNCATED PRIOR

We illustrate the effect of the proposed prior by ap-
plying it to the query-efficient angle search. The pack-
age builds a deterministic offline library of small train-
ing graphs. For each training graph, a budgeted refer-
ence optimizer records a high-quality angle vector. For
a test graph G, the vectorized upper triangle of Og .,
graph features, commutator norm, and effective rank
form the operator signature s(G). The k nearest library
entries receive Gaussian weights w;(G) x exp[—||2(G) —
z(G;)||3/2h%], where z(-) is the standardized signature
and hg is the median distance among the selected neigh-
bours. The prior mean blends the weighted library mean
with the fixed TQA schedule,

e = (1—a) sz(G)az + afrqa, a=0.25. (8)

This neighbour-weighted prior mean plays the role of
the mean function in a Gaussian-process prior over an-
gles [46], while the covariance below supplies the search
geometry probed by the policy, in the spirit of model-
based and Bayesian optimization of expensive objec-
tives [47, 48]. The covariance is operator-dominated: the
truncated operator supplies the leading search geometry
and the neighbour scatter

o = Z wi(G)(0; — pc)(0;i — pc)" (9)

a data-driven floor,

OG Enbr
Sg=f 8" _ (1 - ﬁ) el Y § — 0.8, € =0.025, 10
=2 (Ocr) + 5 tr(Zf(‘;br) +€ B € (10)

so that the spectral-truncation parameter r and the non-
commuting operator geometry, rather than the diagonal
neighbour variances, set the directions the query policy
probes.

a. Query-policy steps. The search evaluates a small
set of anchors and then probes the leading eigendirec-
tions of X. The anchors are TQA, the operator pos-
terior mean, the nearest operator-neighbour angle, and
the global midpoint prior. The remaining queries eval-
uate positive and negative perturbations around the in-
cumbent best angle, with step sizes proportional to the

(

square root of the directional variance. The executable
policy is:

1. build Og , from eq. (6) and compute (ug, Xg) from
eq. (10);

2. evaluate the anchors {61qa, G, Onearest, Oglobal };
3. diagonalize ¥g = VAV,

4. for scales s € {1.0,0.55,0.28}, evaluate incumbent
perturbations £s4/A;v; in descending variance or-
der until the query budget is exhausted;



5. return the best angle and full query trace.

b. Computational cost. Building Og and its trun-
cation costs O(p*) per graph from the 2p x 2p opera-
tor, and is incurred once; each subsequent query is a
single statevector evaluation of fg. Because the prior
ranks directions before spending queries, the dominant
cost—objective evaluations—scales with the effective di-
mension des(X¢) of remark 1 rather than with the ambi-
ent 2p, which is the source of the query savings reported
in section VIII.

VI. EXTENSION TO A COMBINED MODEL

This section is for readers interested in a more flexible,
learnable variant. As discussed in section IIT A, the trun-
cation parameter n controls the global and local angle
directions emphasized by the prior. To capture both at
once, consider a combined prior assembled from L trun-
cated operators Og p,, ..., Og,n, at different ranks with

learnable weights (51,...,58r > 0:
OG n;
Zcomb J I 11
Zﬁf w(Oam) a1

Setting a different n; for each component lets the prior
emphasize different levels of collective angle structure si-
multaneously: a low-rank component concentrates the
budget on the dominant global direction, while a higher-
rank component retains finer local directions. Each sum-
mand is PSD by definition 1, so Zg’mb is positive definite
by the same argument as proposition 4, and its effective
dimension is bounded by Zj n;. The weights §; can be
tuned on the offline library, so the combined prior is a
strict generalization of the single-rank prior of section V
(recovered at L=1). This mirrors the combined spectral-
truncation model, whose product of kernels with differ-
ent truncation parameters captures multiple interaction
scales at once [33]; learning the weights end to end is left
to future work (section X).

VII. APPLICATIONS: EXTRACTING LOCAL
AND GLOBAL GRAPH STRUCTURE

There are many potential applications of the operator-
spectral truncated prior. The construction is useful pre-
cisely when the angle objective depends on both local
graph structure (degrees, neighbourhoods) and global
graph structure (spectral gap, connectivity), because the
noncommuting generators Ag (global spectrum) and Bg
(local degree) encode the two jointly. We list three exam-
ples; these are motivating use cases for the construction,
not experiments reported here (section X).

a. Pathway and module selection. Selecting a max-
imally informative subset of a biological pathway or co-
expression module is a graph-partition objective in which

both the local degree of a node and the global community
structure of the network matter. A purely diagonal (com-
mutative) prior captures only the per-coordinate effect;
the proposed prior can emphasize the collective directions
that couple local hubs to global modules.

b. Patient-similarity partitioning. Partitioning a
patient-similarity graph for stratification depends on lo-
cal neighbourhood density and on the global spectral ge-
ometry of the cohort. The noncommuting operator lets
the angle search trade these off rather than treating each
angle coordinate independently.

c. Drug-combination and interaction  pruning.
Screening drug combinations or pruning molecular-
interaction graphs balances local pairwise interactions
against global network reachability. As with operator-
learning tasks for spectral-truncation kernels, the
proposed prior extracts both by ranking the collec-
tive angle directions; a numerical study on weighted
biomedical graphs is the natural next experiment.

VIII. NUMERICAL RESULTS

The reference operating point is p = 3, Q = 24, trun-
cation rank r = 4, commutator weight w = 4.0, and seed
260424803. The training library contains six graphs per
family from {Erdés—Rényi [49], random-regular, Watts—
Strogatz [50], Barabdsi-Albert [51]} with n € {8,10},
generated and manipulated with NetworkX [52] on top
of the NumPy/SciPy numerical stack [53, 54]; the test set
contains four held-out graphs per family, for 16 paired
instances per seed. All objectives are exact statevec-
tor expectations and all MaxCut normalizers are exact
brute-force optima.

To test robustness to the random seed—which fixes
the library/test split and all stochastic baseline draws—
we repeat the entire matched-budget benchmark across
ten seeds, giving 160 paired held-out instances (sec-
tion VIIIB). The truncation sweep, ablation, and per-
family breakdown are reported at the reference op-
erating point. Where a baseline performs local re-
finement, it stands in for the gradient-free classi-
cal optimizers—coordinate descent, Nelder—Mead sim-
plex [55], COBYLA [56], and SPSA [57]—commonly
paired with QAOA, and for Bayesian-optimization an-
gle search [58]. The baselines are: (i) Random, uniform
random angles under the same query budget; (ii) TQA,
one fixed trotterized quantum annealing schedule [27];
(ili) TQA+coordinate, a TQA anchor followed by
isotropic coordinate refinement (the paired baseline);
(iv) kNN+-coordinate, a feature-neighbour posterior
mean with diagonal coordinate refinement; (v) OST di-
agonal, the same operator posterior as OST-QAOA but
with off-diagonal covariance removed (the commutative
special case of proposition 1); and (vi) OST-QAOA, the
full operator covariance with eigendirection search.



A. Experiment with synthetic graph families

OST-QAOA is the strongest method at the reference
operating point (table IT), reaching 0.820 £ 0.019 mean
ratio, +0.112 over TQA+coordinate with a paired boot-
strap interval [+0.083,40.142], winning on all 16 paired
test graphs (sign-test p < 107%). The diagonal opera-
tor variant is also strong at 0.810 4 0.021, but the full
covariance improves the mean by 0.010, showing that
the off-diagonal operator geometry is measurable in this
configuration. Beyond the final ratio, the operator prior
is markedly more query-efficient: it reaches 98% of the
best observed ratio in a mean of 10.1 objective queries
against 25.0 for TQA+coordinate and 13.1 for the diag-
onal variant (Q.9g)—the operationally relevant quantity
of remark 1.

The truncation sweep (fig. 3) shows the interior op-
timum predicted by remark 1: rank n*=4 is best, ag-
gressive truncation (n=1) underfits the angle geometry,
and no truncation (n=2p==6) over-diffuses the covariance;
the effective dimension rises monotonically from 2.50 at
n=1 to 3.64 at n=6 (fig. 2), confirming proposition 3.
The ablation and the sweep attribute the improvement:
restricting the covariance to its diagonal—the commuta-
tive special case of proposition 1—drops the mean ratio
by 0.010, so the off-diagonal, noncommuting search di-
rections are operationally used. The ezplicit squared-
commutator energy term is a distinct matter: in the
sweep the commutator-on minus commutator-off gap A
is 40.003 at the operating point but oscillates in sign
across ranks (e.g. —0.006 at n=2), placing it within run-
to-run noise. The operationally relevant noncommuta-
tivity therefore already resides in the truncated Ag, Bg
geometry and the eigenbasis search (the diagonal restric-
tion costs 0.010), not in the squared-commutator energy.
This clean negative result sharpens, rather than weakens,
the localization of the gain.

B. Experiment across seeds and graph families

Crucially, the advantage is not a single-seed artifact.
Repeating the entire matched-budget benchmark across
ten seeds (160 paired held-out instances), the paired gain
of OST-QAOA over TQA+-coordinate is +0.107+0.011,
with a per-seed range of [+0.087,40.126]—positive on
every seed—and 157/160 instance wins; the diagonal
variant averages 0.811 £ 0.009 across seeds, with the full
covariance consistently better by 0.007-0.010. Across
seeds OST-QAOA reaches the target in a mean of 10.5
queries against 24.7 for TQA+coordinate and 11.5 for
the diagonal variant—a 2.4x reduction. Figure 4 shows
that this ordering is stable: (a) the approximation-ratio
ranking is preserved across seeds, with OST-QAOA and
the diagonal variant on top; (b) the queries-to-target
Q.08 is likewise stable, the two operator methods reach-
ing the target in roughly half the queries of the baselines;
and (c) every graph family has a positive paired mean
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FIG. 3. Approximation ratio of the synthetic-graph angle-
search task with different values of the truncation parameter
n, the central experiment. Mean approximation ratio ver-
sus n € {1,...,2p}, with the noncommuting operator (com-
mutator on) and its commutator-off counterpart, against the
TQA+coordinate baseline. The curve has an interior op-
timum n*=4: aggressive truncation (n=1) and no trunca-
tion (n=2p) are both worse, the query-budget analogue of
the representation—complexity tradeoff of spectral-truncation
kernels [33].

improvement, largest on Barabdsi—-Albert (+0.190) and
smallest on random-regular (40.035), where the TQA
baseline is already strong. Figure 5 resolves this per in-
stance: across all 16 held-out graphs the operator meth-
ods (bottom rows) attain visibly higher ratios than the
fixed-schedule and diagonal baselines (top rows).

C. Experiment on query trajectories

Finally we examine the realised search trajectory query
by query, the operator-search analogue of comparing a
predicted solution against the true one. Figure 6 plots
the mean best-so-far approximation ratio against the
objective-query budget: the operator anchors lift the in-
cumbent early, and the eigendirection refinement pre-
serves and widens the gap as the budget is spent, ap-
proaching the exact brute-force optimum (r = 1, the true
solution). Figure 7 reports the complementary pointwise
optimality gap 1—r¢g(0): for OST-QAOA it falls fastest
and lowest, while the fixed-schedule and random policies
retain a large residual gap throughout. The gain is there-
fore not only a final-query artifact: the operator mean
and nearest-neighbour anchor improve early incumbent
quality, while covariance eigendirections preserve gains
as the budget is spent.

IX. GENERALIZATION OF THE
OPERATOR-SPECTRAL TRUNCATED PRIOR

The proposed prior has potential possibilities of con-
struction for more general situations.



TABLE II. Approximation ratio and query cost of the angle-search task with OST-QAOA and the baselines at the reference
operating point (p = 3, Q = 24, rank 4, seed 260424803). Values are mean approximation ratio with 95% confidence intervals
across 16 held-out graphs. A is the paired difference against TQA-+coordinate with a bootstrap 95% interval; Qo.9s is the

mean number of objective queries to reach 98% of the best observed ratio (remark 1).

Method Mean ratio A vs. TQA+coord. [95% CI] Wins Sign p Qo.0s
Random 0.743 £ 0.028 +0.035 [4+0.001, +0.070] 11/16 0.2101 24.1
TQA 0.614 % 0.030 —0.093 [-0.156, -0.040] 0/16 < 10~* 25.0
TQA++coordinate 0.708 4+ 0.038 0.000 0/0 1.0000 25.0
kNN+-coordinate 0.751 4 0.040 40.043 [+0.019, +0.068] 13/16 0.0213 23.6
OST diagonal 0.810 + 0.021 +0.102 [4+0.073, +0.131] 16/16 < 107* 13.1
OST-QAOA 0.820 + 0.019 +0.112 [4+0.083, +0.142] 16/16 < 107* 10.1

(a) ratio across seeds

(b) queries to target

(c) per-family gain

T
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FIG. 4. Robustness of the angle-search task across seeds and families. (a) Approximation ratio of each method across ten
independent seeds. (b) Queries to reach 98% of the best observed ratio, Qo.0s, across seeds. (c) Per-family paired improvement
A of OST-QAOA over the TQA+coordinate baseline; every family is positive.

A. Generalization to deeper circuits

The construction generalizes from p to larger depth in
a straightforward manner: at depth p the angle space
is [0,7]?’ and the operators Ag, Bg,Og are 2p x 2p,
so definition 1 and propositions 2 to 4 hold verbatim
with 2p in place of the ambient dimension. The query-
budget heuristic of remark 1 then governs how the effec-
tive dimension—not the ambient 2p—sets the query cost
as depth grows.

B. Generalization to weighted and constrained
graph objectives

The unweighted MaxCut Hamiltonian He(G) can be
replaced by a weighted or constrained cost Hamilto-
nian by using the weighted graph Laplacian in Ag and
weighted degree moments in Bg; the operator map and
its truncation are unchanged. This is the route to the
weighted biomedical graphs of section VII.

C. Generalization to multivariate and
multi-objective search

Several objectives or several graphs can be handled
jointly by stacking their angle operators into a block-
diagonal operator on the product angle space and trun-
cating the stack; the same participation-ratio bound (def-
inition 2) applies to the joint covariance, so the query
policy ranks directions across objectives at once.

D. Generalization to other operator constructions

The generators Ag, Bg need not be the Laplacian-and-
degree pair used here. Any pair of graph-derived sym-
metric operators that do not commute—for example nor-
malized adjacency, heat-kernel, or PageRank operators—
can replace them in eq. (6) while keeping the truncation
machinery and all of sections III and IV intact.
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FIG. 6. Realised search trajectory of the angle-search task.
Mean best-so-far approximation ratio versus the objective-
query budget @ for OST-QAOA and the baselines (the pre-
dicted trajectory), approaching the exact brute-force opti-
mum r = 1 (the true solution). Operator anchors improve
the early budget and eigendirection refinement widens the
gap thereafter.

E. Generalization using other graph descriptors

The signature descriptor ¢(G) that feeds Ag, Be can
be replaced by other graph descriptors—graph-neural-
network embeddings or Weisfeiler-Lehman features—
without changing the prior construction, the query pol-
icy, or the heuristic; only the offline library signatures
change.

X. CONCLUSION AND DISCUSSION

OST-QAOA replaces a diagonal uncertainty heuristic
with a rank-controlled, noncommuting operator prior on
QAOA angle space. The method uses the off-diagonal
operator geometry to choose collective search directions,

—e— OST-QAOA
TQA
035 —e— Random
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0.25 A
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pointwise optimality gap 1 —rs(0)
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5.0 7.5 10.0 125 15.0 175

objective-query index

FIG. 7. Pointwise optimality gap of the angle-search task.
Pointwise gap 1 — r¢ () of the incumbent angle versus the
objective-query index for OST-QAOA, TQA, and Random.
The proposed policy drives the gap down fastest and to the
smallest residual.

ships as an installable Python package, and regenerates
every manuscript result from tunable parameters. In the
exact-statevector benchmark the operator-spectral pol-
icy outperforms budget-matched TQA coordinate refine-
ment by +0.107 £ 0.011 across ten seeds (positive on ev-
ery seed; 157/160 instance wins) and reaches comparable
quality in roughly 2.4x fewer queries, while the trunca-
tion sweep exhibits the interior optimum predicted by
the query-budget heuristic (remark 1) and the ablation
localizes the advantage to the spectral-truncation param-
eter and the off-diagonal operator directions rather than
to the squared-commutator energy.

to
[33]

a. Relationship
Hashimoto et al.

spectral-truncation  kernels.
introduce positive-definite,



noncommutative C*-algebraic kernels whose trunca-
tion parameter trades representation power against
model complexity, validated on supervised vector- and
function-valued regression. OST-QAOA takes the
same design idea—finite-rank noncommutativity as a
tractable way to encode interaction—into a different
setting, in three respects. (i) Domain. The truncated
noncommuting operator is not a regression kernel but
a graph-conditioned prior over variational-quantum
parameters, converted into a deterministic, auditable
objective-query policy. (i) An operational reading
of the tradeoff. Where their tradeoff is statistical (a
generalization bound), ours is operational: remark 1
ties the truncation parameter to the number of objective
queries through deg(n), the quantity that limits near-
term QAOA, and the predicted interior optimum n* is
observed (fig. 3). We are careful to label this a heuristic
under assumption 1, not a transported theorem. (%)
A tested mechanism.  The diagonal (commutative)
restriction of proposition 1 is measurably worse than the
full noncommuting geometry, so the value of operating
off the coordinate axes is exhibited, not assumed.

b. Relationship to QAOA parameter transfer. A
complementary line of work transfers good angles across
instances, exploiting objective and parameter concentra-
tion [19, 21] and graph-to-graph transferability [22, 23].
OST-QAOA can be read as supplying what transfer
alone does not: a budgeted search geometry around the
transferred point. The TQA and kNN baselines here
are exactly transfer-style warm starts; the operator co-
variance adds the directions and scales along which the
remaining queries are spent, which is where the measured
advantage comes from.

c. Limitations. The boundaries of these claims are
as follows. (%) Scale. Experiments use exact statevec-
tors with n < 10 and brute-force MaxCut optima, cho-
sen so every number regenerates on a CPU; we do not
claim hardware-scale behavior, and the operator dimen-
sion 2p is small at p=3. Quantum advantage for MaxCut
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may itself require hundreds to thousands of qubits [59],
and at scale trainability is further constrained by barren
plateaus [60] and by structural obstacles such as sym-
metry protection [61], reachability deficits [62], and the
competitiveness of recursive and classical relaxations [63];
empirical small-graph QAOA performance baselines [64]
bound what is achievable in this regime. (ii) Problem
class. All instances are unweighted MaxCut on four
synthetic graph families; weighted, biomedical, or non-
MaxCut objectives are future work, not evidence pre-
sented here. (i) Query model. One query is one exact
expectation; finite-shot estimation and hardware noise—
where query efficiency matters most—are deliberately ex-
cluded and remain to be tested. (iv) Mechanism. The
explicit squared-commutator term is near-neutral at the
studied operating point (fig. 3); the demonstrated value
of noncommutativity is in the truncated-operator eigen-
basis search, not in that term. (v) Theory. The query-
budget statement (remark 1) is a heuristic under as-
sumption 1, validated empirically, not a proved bound.
The natural next steps are weighted biomedical graphs
derived from transcriptomic, drug-target, and pathway
data, larger n via tensor-network or sampled estimation,
finite-shot /hardware-noise robustness, and learning the
combined-model weights of section VI end to end.
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