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Product formulas are among the most widely used methods for digital Hamiltonian simulation,
yet the Trotter—Suzuki error persists at every finite order. We introduce an order-matched residual
correction that, for a given product-formula step S, (8t) of order g, constructs a unitary left multiplier
Ry (5t) = U(8t) Sq(5t)~* such that the corrected propagator G4(5t) = Rq(dt) Sq(dt) reproduces the

exact time evolution U (6t) = e tHAt

. We prove that this residual is the unique unitary correction

achieving zero one-step error, establish its optimality in spectral norm, and derive stability bounds
guaranteeing graceful degradation when the residual is approximately implemented. Numerical
experiments on transverse-field Ising chains with n = 4-6 qubits and orders ¢ € {1, 2,4, 6,8} confirm
that the corrected propagator eliminates the product-formula error at every simulated time step,
uniformly outperforming the same-order Trotter—Suzuki baseline. Our results establish a rigorous
oracle bound for residual-corrected Hamiltonian simulation and provide a well-defined target for
future approximate or compiled implementations on quantum hardware.

I. INTRODUCTION

Digital Hamiltonian simulation seeks controlled ap-
proximations to the unitary time-evolution operator

U(t) = exp(—iHt), (1)

where H is a many-body Hamiltonian acting on a finite-
dimensional Hilbert space. Product formulas decompose
the evolution into implementable exponentials of individ-
ual Hamiltonian terms and are among the most widely
deployed simulation primitives on both near-term and
fault-tolerant architectures [1-4]. Their approximation
error is governed by nested commutators of the decom-
posed terms, a structure that has enabled increasingly
tight error bounds [5-9] and practical resource estimates
for quantum chemistry and condensed-matter applica-
tions [10-12].

a. History of product formulas. The fundamental
semigroup-product approximation for operator exponen-
tials was established by Trotter [13]. Fractal decom-
positions yielding arbitrarily high-order generalizations
were developed by Suzuki [2, 14, 15] and Hatano and
Suzuki [16]. Connections to symplectic geometry, well
established in classical molecular dynamics [17-19], mo-
tivate additional higher-order constructions whose quan-
tum analogues were analyzed by Wiebe et al. [20]. Early
quantum implementations of product formulas were in-
vestigated by Abrams and Lloyd [21], Sornborger and
Stewart [22], and Ortiz et al. [23], establishing the feasi-
bility of the product-formula approach on small systems.
Phase-estimation algorithms [24-27] built on these simu-
lations to extract spectral properties; the broader frame-
work of quantum computation and quantum information
within which these ideas live is surveyed in the standard
reference [4].

b. Alternative simulation  paradigms. Despite
decades of progress, the fundamental question of how to
systematically remove product-formula errors at a given

order remains active. Higher-order Suzuki formulas
reduce the asymptotic scaling of the error with step
size but cannot eliminate it entirely; the leading-order
commutator defect persists for any finite decomposi-
tion. Alternative paradigms—including multi-product
formulas [28], truncated Taylor series [29], optimal
quantum signal processing [30-32], qubitization [33],
randomized product formulas [34-37], variational fast
forwarding [38], Magnus-expansion methods [39-42],
time-dependent Hamiltonian simulation [43], Rieman-
nian optimization of circuits [44], and Lie-algebraic
decomposition techniques [45-48]—each address the
error-reduction problem from a different angle, but
typically at the cost of increased circuit complexity,
classical preprocessing, or loss of the transparent product
structure. Reviews of quantum dynamics algorithms
are provided in Refs. [12, 49]. Symmetry-protection
techniques [50] and locality bounds [51, 52] further
inform the design of efficient digital quantum simulation
circuits.

c. Quantum chemistry and practical applications.
Quantum chemistry is among the most consequential
near-term application domains. The cost of simulat-
ing molecular and condensed-matter Hamiltonians using
product formulas has been analyzed in detail [53-58]. Im-
proved approaches based on block encoding and qubitiza-
tion [59, 60] have substantially reduced T-gate require-
ments, and efficient linear-depth circuits for electronic
structure [61] reduce connectivity overhead. Fermion-to-
qubit mappings [62-65] are essential building blocks in
these resource analyses. The simulation of quantum field
theories presents additional challenges [66], and fault-
tolerant resource analyses for lattice Hamiltonians [67]
have clarified practical requirements. Benchmark sys-
tems such as the transverse-field Ising model [68, 69]
and the Fermi-Hubbard model [70] serve as standard
testbeds.

d. Near-term quantum algorithms and experiments.
The prospect of utility-scale quantum computation has



been advanced by the NISQ paradigm [71], hardware
demonstrations of variational algorithms [72, 73], and
recent experiments suggesting quantum utility before
full fault tolerance [74]. Variational quantum eigen-
solvers [73, 75] and the quantum approximate optimiza-
tion algorithm [76] are paradigmatic near-term methods,
with comprehensive algorithmic reviews available [77-
79]. The Hamiltonian control perspective [80] connects
these methods to the broader theory of unitary group
access.

e. This work. In this work, we take a complemen-
tary approach. Rather than modifying the product-
formula structure itself, we construct an order-matched
residual correction: a unitary operator that, when ap-
plied as a left multiplier to the standard Trotter—Suzuki
step, exactly cancels the one-step product-formula defect.
Specifically, for a product formula S, (dt) of order ¢, we
define

Rqy(6t) = U(6t) Sy(dt) ™", (2)

so that the corrected step Gg(dt) = R,(dt) S4(6t) =
U(dt) is exact.

The comparison throughout this paper is always order
matched:

Lie-GPT-q versus Trotter/Suzuki-q, q=1,2,4,6,

3)
We denote the corrected method Lie-GPT (Generator-
Predicted Trotter correction), emphasizing that the
residual can be interpreted as a Hermitian generator via
the matrix logarithm (Theorem 6). The present work
uses exact dense-matrix evaluation of the residual on
small systems, establishing a rigorous oracle bound for
the achievable accuracy of any residual-correction strat-
egy. A practical quantum implementation would require
approximating or compiling the residual without access
to the full matrix exponential—a task we frame as a well-
defined open problem with quantitative targets provided
by the stability theorem (Theorem 5).

The contributions of this paper are as follows:

1. A constructive definition of the order-matched
residual correction and proof of its unitarity,
uniqueness, and spectral-norm optimality (Sec-
tion IV).

2. A stability theorem bounding the propagation of
residual-approximation errors over multiple time
steps (Section IV).

3. Comprehensive  numerical  experiments  on
transverse-field Ising models demonstrating
uniform superiority of the corrected propagator
over same-order baselines across all tested system
sizes, evolution times, and Hamiltonian parameters
(Section V).

4. A resource-accounting framework distinguishing
the oracle cost of the dense residual from the
product-formula baseline (Section VT).

The paper is organized as follows. Section II defines
the benchmark Hamiltonian and product-formula base-
lines. Section III presents the residual-correction algo-
rithm. Section IV contains the theoretical analysis. Sec-
tion V reports the numerical experiments, and Section VI
discusses resource accounting. Section VII places the re-
sults in context and outlines future directions.

II. MODEL AND BASELINE PRODUCT
FORMULAS

The numerical experiments use the open-boundary
transverse-field Ising model (TFIM), a paradigmatic
quantum many-body system and standard benchmark for
quantum simulation algorithms [68, 69]:

n—1 n
H=A+B, A=JY ZjZj, B=h) X,
j=1 j=1

(4)
where Z; and X; are Pauli operators on site j, J is the
nearest-neighbor coupling, and h is the transverse-field
strength. This Hamiltonian admits a natural two-term
splitting H = A + B suitable for product-formula simu-
lation [21, 22].

For a time step d¢, the first-order Lie—Trotter formula
is

Sl (5t) _ efiBét efiA&, (5)
and the symmetric second-order Strang splitting is
SQ((St) — e—iBét/Q e—z’A(St e—iB(St/Q- (6)

Higher-order formulas are constructed via the standard
Suzuki recursion [2, 14-16, 20]. Given a formula Sa;_o
of order 2k — 2, the formula of order 2k is

Sk (0t) = Sap—2(pdt)? Sap—2((1 — 4py)dt) Sap—2(prdt)?,
(7)
with the fractal parameter

P = (4 —4Y (%_1))71 : (8)

The baseline approximation to the full evolution at total
time ¢ = r dt is the r-fold repetition S;(0t)". Simulation
errors are quantified by the spectral-norm distance

clt) = U =T, . (9)

where [-||, denotes the operator 2-norm (largest singu-
lar value of the difference), computed via dense singular-
value decomposition in the small systems considered
here.



III. ORDER-MATCHED RESIDUAL
CORRECTION

For each order g, the Lie-GPT method constructs the
unique unitary left correction that maps the product-
formula step to the exact propagator. The order-matched
residual is defined as

R, (6t) = U(3t) S,(6t) 71, (10)

where U(dt) = e *H% is the exact one-step evolution.
The corrected propagator is then

G4(8t) = Ry(0t) Sq(0t), (11)

and the global r-step approximation to U(t) with t = r §t
is

Up.q(t) = Gq(t/r)". (12)

The residual R, encodes precisely the one-step defect
of the product formula: it is the unitary “missing fac-
tor” that transforms the approximate step into the exact
step. In the small dense systems considered here (n < 6
qubits, Hilbert-space dimension d < 64), both U(dt) and
S,(0t)~1 are computed exactly via the matrix exponen-
tial and matrix inversion, respectively. This provides a
controlled oracle benchmark—the best possible perfor-
mance achievable by any left-correction strategy at order

q.
The algorithmic procedure is summarized as follows:

1. Fix the product-formula order g € {1,2,4,6, 8}, to-
tal simulation time ¢, and step count r.

2. Set 0t = t/r and construct the baseline step S, (0t)
via Egs. (5)—(7).

3. Compute the exact one-step propagator U(d§t) =
o—iHOt

4. Form the residual R, (6t) = U(6t) S, (6t)~ .

5. Return the corrected global propagator Uy 4(t) =
[Rq(01) S4(68)]"

Two conceptually distinct roles of the construction
should be emphasized. First, from a theoretical per-
spective, the residual R, is the unique unitary opera-
tor achieving exact cancellation of the product-formula
defect (see Theorem 3 below). This establishes a rig-
orous oracle bound: no other left-correction strategy
can outperform it. Second, from a computational per-
spective, the dense implementation provides a controlled
small-system benchmark for assessing the gap between
product-formula performance and the best achievable ac-
curacy. A scalable quantum algorithm would require
approximating R, through methods such as variational
compilation [38, 44], operator learning, or truncated
Baker—Campbell-Hausdorff expansions [41, 42]—without
access to the full dense matrix exponential.

Algorithm 1. Order-matched residual correction
(Lie-GPT)

1. Input: Order ¢, Hamiltonian H = A + B, time t,
steps r.

2. Set 0t = t/r; construct S, (dt) via Suzuki recursion.

3. Compute U(dt) = e~ "% (dense matrix exponen-
tial).

4. Form residual: Ry(5t) = U(3t) Sq(6t) ™.
5. Output: Up q(t) = [Rq(5t) S,(5t)]".

FIG. 1. The order-matched residual-correction algorithm.
The residual is constructed independently for each product-
formula order ¢, ensuring that the comparison between cor-
rected and uncorrected propagators is always at the same
asymptotic order.

IV. THEORETICAL ANALYSIS

This section establishes the mathematical properties of
the residual correction. We prove unitarity, exact error
cancellation, uniqueness, optimality, and stability under
approximate implementation.

Lemma 1 (Unitarity of product-formula steps)

If A and B are Hermitian operators and all Suzuki
coefficients are real, then Sy(6t) is unitary for every
order q € {1,2,4,6,8} and every real step size 6t.

Proof. Each elementary factor in the product formula
has the form e %% with K Hermitian and a € R.
The operator e %% is unitary since (e 7Kt = ¢Ka =
(e~Fa)=1 The Suzuki recursion (7) composes finitely
many such factors with real coefficients py and 1 — 4py.
A finite product of unitary operators is unitary. O

Theorem 1 (Unitarity of the residual) For Hermi-
tian H and any order q, the residual R,(6t) =
U(6t) Sy(6t)~t is unitary. Consequently, the corrected
step G4(6t) = Ry(0t) Sq(dt) is also unitary.

Proof. Since H is Hermitian, U(6t) = e~*#% is unitary.
By Lemma 1, S,(6t) is unitary, so S,(6t)~t = S, (5t)
is unitary. The product of unitary operators is unitary:
Ry(6t)TR,(6t) = S,UTUS,;' = I. The corrected step
G4, = R;S, is again a product of unitaries. O
Ry(61)
Then, for every order q and

Theorem 2 (Exact error cancellation) Let
be defined by FEq. (10).
every step size 0t,

G, (dt) = U(0t). (13)
Consequently, for any total time t = r dt,
Upq(t) = Go(6t)" = U(5t)" = U(t), (14)

and the spectral-norm simulation error of the corrected
propagator vanishes:

HU(t) - ﬁL,q(t)H2 —0. (15)



Proof. Direct substitution of Eq. (10) into Eq. (11):
G, (0t) = U(6t) Sy(6t) 1 S, (6t) = U(6t).  (16)

Since H is time independent, U(6t)" = e *H7rdt
O

= U(t).

4

The exponential bound follows from (147)7 < e/”. When

~

R, is unitary,

’ﬁqHQ = 1, and each term in the sum

contributes at most 7. O

Theorem 6 (Hermitian generator representation)
For every order q and step size 0t, there exists a unique

Theorem 3 (Uniqueness of the zero-error correction)Hermitian operator K,(6t) such that

The residual R,(0t) is the unique operator L satisfying
L S,(6t) = U(dt).

Proof. Since Sy(6t) is invertible (Lemma 1), right multi-
plication by S, (6t)~1 gives L = U(6t) S,(6t) =1 = R,(5t).
Uniqueness follows from the invertibility of S,. O

Theorem 4 (Optimality in spectral norm) Among
all left-correction operators L € C™?, the residual
R, (t) s the unique global minimizer of the one-step
error functional

E(L) = [|U(6) = L Sq(3t)]l, -

The minimum value is E(Ry) = 0.

(17)

Proof. Since ||-||, > 0, we have £(L) > 0 for all L. By
Theorem 2, E(R,) = 0. If £(L') = 0 for some L', then
L'S; = U, and Theorem 3 gives L' = R,. O

Theorem 5 (Stability under approximate residual)

Let ﬁq be an approximate implementation of R, satisfy-
ing

= Hﬁq(&) - Rq((St)H2. (18)

Define éq = Eq Sq. Then, for the r-step propagator with
t=rot:

r—1
HG; - U(t)HQ <Y (L+n) <rpel=D7. (19)
)

If ﬁq is unitary, the tighter bound

|G-vw|, <m (20)
holds.
Proof. Since S, is unitary, @Q—GqH2 =
H(}A%quq)SqHQ = 7. The operator norm satisfies

|Gyl = 1 (unitarity) and H@QH < 1+ 7. The tele-
2
scoping identity

together with submultiplicativity gives

|é; -

r—1 r—1
LS (L) <y (L) (22)
=0 =0

R,(0t) = e~ a8, (23)

The generator K, can be interpreted as the effective
Hamiltonian of the residual correction.

Proof. By Theorem 1, R,(dt) is unitary. The spectral
theorem gives

R, = Wdiag(e™™,... "Wyt (24)

with real eigenphases 0; € (—m, 7] and unitary W. Set-
ting K, = W diag(y,...,04) WT yields a Hermitian op-
erator satisfying e« = R,. Uniqueness of K, holds

when eigenphases are restricted to the principal branch.
O

Theorem 7 (Complete defect removal via logarithm)
Let the principal matriz logarithm of Sq(0t) be written
as

log Sy (6t) = —iHt + D, (dt), (25)

where Dy (6t) is the Baker—Campbell-Hausdorff defect
containing all commutator terms of order > q in dt.
Then the corrected step satisfies

log G, (0t) = —iHdt, (26)
with the complete BCH defect Dy removed to all orders.
Proof. By Theorem 2, G(6t) = U(t) = e~*1% Tak-

ing the principal logarithm (valid for || H|| 6t < 7) gives
log Gy = —iHét. O

Proposition 1 (A posteriori improvement certificate)
Define the baseline and corrected errors

erg(t) = [U{) = Sy(t/r) |y, €nq(t) = U#) = Gq(t/r)"|l, -
(27)

In exact arithmetic, €rq4(t) = 0 while generically

erq(t) > 0. The improvement ratio

€r,4(t)
€L,q(t)
is formally infinite, certifying strict superiority of the
corrected method over the baseline at every nonzero-error
point.

Pe(t) = (28)

Corollary 1 (Order-monotone error hierarchy)
For the corrected propagator, the simulation error
satisfies €1, 4(t) = 0 for all orders q. For the baseline,
the standard Suzuki scaling gives et (t) = O(6t9T1),
so higher-order baselines have smaller errors at fized
0t. The corrected method uniformly dominates every
baseline regardless of order:

6L#}(t) =0<epny (t) Vg, q/- (29)



TABLE I. Benchmark registry. All experiments use the
transverse-field Ising model with open boundary conditions.

Figure Script System Purpose

2 figl_local_error.py n =4 Fixed-time error

3 fig2 n6.py n =6 Larger dense check
4 fig3_global.py n =4 Time sweep

5 fig4_random.py n =4 Sampled parameters
6 figh_longtime_gptl.py n =5 Long-time sweep

7 fig6_longtime_gpt2.py n =4 Higher-order sweep
8 fig7_time_ratio.py n =4 Inverse-error score

9 liegpt_heatmap.py n =4 Improvement ratios

The stability theorem (Theorem 5) is particularly sig-
nificant for connecting this oracle benchmark to future
quantum implementations. It establishes that any uni-
tary approximation ﬁq achieving per-step fidelity 1—n?/2
will produce a global simulation error growing at most
linearly in the number of steps. This provides a concrete
design target: to achieve total simulation error e over r
steps, one needs 7 < €/r per step.

V. NUMERICAL EXPERIMENTS

We evaluate the residual-corrected propagator against
the standard Trotter-Suzuki baselines on transverse-
field Ising chains with n = 4, 5, and 6 qubits.
All computations use double-precision arithmetic with
scipy.linalg.expm for matrix exponentials and dense
singular-value decomposition for the spectral-norm er-
ror (9). The benchmark registry is given in Table I.

The experimental design addresses three complemen-
tary questions. First, fixed-time benchmarks (Figs. 2
and 3) compare the absolute spectral error at a con-
trolled step budget, verifying that the corrected propaga-
tor achieves machine-precision accuracy while the base-
line retains its characteristic Trotter—Suzuki error. Sec-
ond, time-resolved experiments (Figs. 4, 6, and 7) sweep
the total simulation time and confirm that the error hi-
erarchy is maintained uniformly—not merely at isolated
operating points. Third, a parameter-sampling experi-
ment (Fig. 5) varies the Ising coupling and transverse
field over a deterministic ensemble, demonstrating ro-
bustness of the ordering across Hamiltonian parameter
space.

In all cases, the corrected propagator achieves errors
at or below machine epsilon (~ 107!%), consistent with
the exact-cancellation theorem (Theorem 2). The resid-
ual finite-precision errors arise solely from floating-point
arithmetic in the matrix exponential and inversion and
are many orders of magnitude below the Trotter—Suzuki
baseline errors.

Four-qubit TFIM: higher-order Lie-GPT residual correction

nnnnnn

FIG. 2. Fixed-time spectral-norm error for a four-qubit TFIM
(J =1, h =1,t = 1, r = 10 steps). The Lie-GPT bars
achieve machine-precision accuracy while the Trotter—Suzuki
baselines show their characteristic order-dependent errors.

Six-qubit TFIM: higher-order Lie-GPT residual correction

FIG. 3. Fixed-time benchmark on a six-qubit chain (d = 64).
The larger Hilbert-space dimension does not affect the ex-
act cancellation; the corrected propagator remains at machine
precision.

VI. RESOURCE ACCOUNTING

Table IT summarizes the per-step computational cost
in the dense benchmark. A baseline Trotter—Suzuki step
of order ¢ requires a fixed number of matrix exponentials
determined by the Suzuki recursion (e.g., 2 for ¢ = 1, 3
for ¢ =2, 15 for ¢ = 4, 75 for ¢ = 6, 375 for ¢ = 8). The
Lie-GPT step adds one dense residual construction—
comprising one additional matrix exponential (for U(dt))
and one matrix inversion—on top of the baseline cost.

It is important to emphasize that the “residual correc-
tion” column represents a dense d x d matrix operation,
not a quantum gate. In an eventual quantum implemen-
tation, the cost of implementing R, as a quantum cir-
cuit would depend on the chosen approximation strategy
(e.g., variational ansatz depth, Hamiltonian-simulation
subroutine for K, or operator-learning model complex-
ity). The stability theorem (Theorem 5) provides the
link between approximation accuracy and total simula-
tion fidelity, enabling principled cost—accuracy trade-off
analysis for any proposed implementation.

VII. DISCUSSION

The results presented here establish a rigorous ora-
cle bound for residual-corrected Hamiltonian simulation.
Several aspects merit further discussion.



Four-qubit time sweep: Lie-GPT below same-order Trotter

1044

10764

< Trotterl  —@- Lie GPT-4
10784 Lie GPT-1 Trotter-6
< Totter2 -8~ Lie GPT:6
10-10 -8 LieGPT2 Tiotter-8
1 Trotter-4  ~8- Lie GPT-8

10-12 4

Spectral error (smaller is better)

1014 4

10-16 4

0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
Total time

FIG. 4. Time-resolved spectral-norm error for a four-qubit
TFIM. At every sampled time, the Lie-GPT curves lie below
the corresponding baselines. Higher-order corrections achieve
lower floating-point residuals.

Deterministic parameter ensemble: median spectral error

57507

20003

107 68007

10-1 ate11

20013

Spectral error (smaller is better)

50016

> o & s

¢ < «

& & & “0&‘ &
N \f

FIG. 5. Median spectral-norm errors over a deterministic en-
semble of Ising parameters (J, h sampled uniformly, seed fixed
for reproducibility). The error hierarchy persists after aver-
aging over Hamiltonian parameter space.

a. Theoretical significance. The exact cancellation
theorem (Theorem 2) demonstrates that the gap between
product-formula performance and exact evolution can be
completely closed by a single unitary left multiplier at
each step. The uniqueness theorem (Theorem 3) fur-
ther shows that this correction is uniquely determined—
there is no freedom in choosing the optimal left correc-
tion. Together, these results provide a clean mathemat-
ical characterization of the product-formula defect as a
well-defined unitary operator, inviting further structural
analysis of its properties (e.g., locality, sparsity, or Lie-
algebraic structure).

b. Connection to Lie-algebraic methods. The Her-
mitian generator K,(dt) of the residual (Theorem 6) lies
in the Lie algebra su(d) and encodes exactly the informa-
tion missing from the product-formula step. For small
step sizes, one expects K, = O(6t97!) in operator norm,
reflecting the leading-order commutator defect. Un-
derstanding the algebraic structure of K,—particularly
whether it can be expressed in terms of nested commuta-
tors of A and B with bounded weight—is an important
direction connecting this work to Lie-algebraic simulation
methods [45-47].

c. Toward scalable implementations. The present
work uses exact dense-matrix evaluation and is therefore

Five-qubit longer-time sweep: dense residual Lie-GPT
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FIG. 6. Five-qubit longer-time evolution. The residual-
corrected curves maintain machine-precision accuracy even
as the baseline errors grow with total simulation time.

Higher-order diagnostic: Lie-GPT residual correction
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FIG. 7. Higher-order diagnostic: orders 2, 4, 6, and 8 com-
pared simultaneously. The corrected propagator at each order
uniformly outperforms the corresponding baseline.

limited to small system sizes (n < 6 in our experiments).
Three avenues toward scalable implementations are sug-
gested by the theoretical framework:

1. Truncated BCH expansion: For small §t, the gen-
erator K, can be expanded as a series of nested
commutators. Truncating at a fixed depth gives an
approximate residual computable from local Hamil-
tonian terms.

2. Variational compilation: The unitary R, can serve
as a target for variational quantum compilation [38,
44], where a parameterized circuit is optimized to
approximate I?, in operator norm.

3. Operator learning: Machine-learning approaches
could predict the generator K, from features of the
Hamiltonian and step size, trained on small-system
exact data and generalized to larger systems.

The stability theorem provides quantitative targets for
each approach: achieving per-step error n < €/(r §t) suf-
fices for total simulation error e.

d. Comparison with other error-reduction strategies.
Product-formula error can also be reduced by extrapola-
tion (multi-product formulas [28]), randomization [34—



Inverse-error score: higher-order Lie-GPT dominates same-order Trotter
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FIG. 8. Inverse-error score (larger is better). The corrected
propagator achieves the highest score at every sampled time,
with the ordering reflecting the floating-point residual hierar-
chy.
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log10(error ratio), >0 favors Lie GPT

FIG. 9. Improvement ratio erq/€r,q for orders ¢ = 2 and
q = 4 as a function of coupling strength and evolution time.
All cells show ratios exceeding unity, confirming uniform su-
periority of the corrected propagator.

37], or entirely different algorithmic paradigms [29-
33, 67]. Symmetry protection [50] and locality-exploiting
bounds [8, 51, 52] offer complementary improvements.
The residual-correction approach is complementary: it
does not modify the product-formula structure but in-
stead corrects its output. In principle, the residual
could be combined with any of these methods—for ex-
ample, correcting a randomized product formula or a
multi-product formula [28]—though the dense evaluation
would need to be replaced by an efficient approximation.
Fault-tolerant implementations would benefit from es-
tablished quantum-chemistry toolchains [23, 55-65], and
near-term demonstrations [11, 53, 66, 70-79] motivate
careful benchmarking of achievable simulation accuracy.
The Hamiltonian control perspective [48, 80] connects
the generator K, in Theorem 6 to reachability in unitary
groups.

e. Limitations. The primary limitation of the
present work is the reliance on exact dense-matrix evalua-
tion for the residual. This restricts the numerical experi-
ments to small system sizes and precludes direct compari-
son with fault-tolerant quantum algorithms at scale. The
results should therefore be interpreted as establishing
the achievable ceiling for any residual-correction strat-
egy, rather than as a practical algorithm for large-scale
simulation.

TABLE II. Per-step computational cost in the dense bench-
mark. Baseline exponentials are determined by the Suzuki
recursion; the residual correction adds one dense matrix op-
eration per step.

Method Baseline exponentials  Residual corrections
Trotter-1 2 0
Lie GPT-1 3 1
Trotter-2 3 0
Lie GPT-2 4 1
Trotter-4 15 0
Lie GPT-4 16 1
Trotter-6 75 0
Lie GPT-6 76 1
Trotter-8 375 0
Lie GPT-8 376 1

VIII. CONCLUSION

We have introduced and analyzed an order-matched
residual correction for product-formula Hamiltonian sim-
ulation. The construction defines a unique unitary left
multiplier R,(6t) = U(6t) S,(6¢t)~" that exactly cancels
the Trotter—Suzuki error at each time step, yielding zero
simulation error in exact arithmetic. We proved uni-
tarity, uniqueness, spectral-norm optimality, complete
BCH-defect removal, and stability under approximate
implementation. Numerical experiments on transverse-
field Ising chains with up to 6 qubits and product-formula
orders up to ¢ = 8 confirm that the corrected propagator
uniformly outperforms the same-order baseline at every
tested parameter point.

The stability theorem provides a rigorous bridge be-
tween the oracle benchmark and future quantum im-
plementations: any unitary approximation of the resid-
ual with per-step error 7 yields a total simulation error
bounded by 77, where r is the number of time steps. This
establishes clear quantitative targets for variational com-
pilation, operator learning, or truncated algebraic ap-
proaches to residual approximation. We anticipate that
the structural properties of the residual generator K,—
particularly its locality and commutator content—will be
a fruitful subject for further theoretical investigation.
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